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A BSTRACT
T h is  p a p e r  p r e s e n ts  a  d e r iv a tio n  of g e n e ra l  sy n th e s is  eq u a ­
tio n s  n e c e s s a r y  fo r  th e  k in e m a tic  d e s ig n  of n o n lin e a r  ban d  m e c h a ­
n is m s . A lthough  th e  e q u a tio n s  p ro v id e  a  so lu tio n  fo r  a  g iv en  
fu n c tio n a l re la t io n , th is  do es no t e n s u re  th a t  th e  m e c h a n ism  is  w o rk ­
a b le . T h e re  a r e  p h y s ic a l  r e q u ir e m e n ts  im p o se d  on the  m e c h a n ism  
th a t m u s t be  s a t is f ie d . T h ese  r e q u ire m e n ts  a r e  id e n tif ie d  and 
co d ified . T h o se  th a t  cou ld  b e  t r e a te d  a n a ly tic a lly  a r e  in c o rp o ra te d  
a s  a p a r t  o f th e  a n a ly s is .  T h o se  th a t  cou ld  no t be t r e a te d  a n a ly ti­
c a lly  a r e  le f t  to  th e  d is c r e t io n  of th e  d e s ig n e r .
In  ad d itio n  to  the  g e n e ra l  eq u a tio n  developm en t, sy n th e s is  
e q u a tio n s  a r e  d ev e lo p ed  fo r  the  c a se  of one m e m b e r  be ing  an  e c c e n ­
t r i c  c i r c le .  T h ese  e q u a tio n s  p ro v id e  fo r  a  check  on th e  a c c u ra c y  
of th e  d e r iv a tio n s  of the  g e n e ra l  e q u a tio n s  a s  w e ll a s  p ro v id in g  a 
p ro f i le ,  d e s c r ib a b le  a n a ly tic a lly , th a t  p e rm its  a so lu tio n  to  the  
s y n th e s is  e q u a tio n s  in  c lo s e d  fo rm .
T he e q u a tio n s , a s  w e ll a s  th e  p h y s ic a l r e q u ire m e n ts , a r e  
show n to  b e  a p p lic a b le  to  th e  d e s ig n  of v e lo c ity  c am s, i .  e . , t im e  
v a ry in g , c y c l ic a l  m o tio n  s y s te m s ,
A s t r u c tu r a l  e r r o r  a n a ly s is  to  s im u la te  the  e ffe c ts  of 
m a n u fa c tu r in g  im p e rfe c tio n s  on a  p ro f i le  is  conducted . The e ffe c ts  
of th e  e r r o r s  a r e  p r e s e n te d  in  te r m s  of the  d iffe re n c e  b e tw een  th e  
th e o re t ic a l  k in e m a tic  ou tpu t an g le  and the  a p p ro x im a te d  k in e m a tic  
output a n g le . The e r r o r s  a r e  show n to  be  d ire c tly  r e la te d  to  b a n d -  
len g th  e r r o r .
" B e s t"  m e c h a n ism s  a r e  o b ta in ed  b y  u tiliz in g  th e  k in e m a tic  
s y n th e s is  e q u a tio n s  and  a  n o n d e riv a tiv e  m in im iz a tio n  ro u tin e . The 
" b e s t"  m e c h a n is m  is  e le c te d  a s  one in  w hich  the  b a n d 's  n o rm a l  co m ­
p o n en ts  o f a c c e le ra t io n  a r e  a  m in im u m . T he eq u atio n s d e sc r ib in g  
th e  b a n d 's  n o rm a l  co m p o n en ts  of a c c e le ra t io n  a r e  d e riv e d . T his 
a n a ly s is  m a k e s  u s e  o f a  q u a d ra tic  p e n a lty  function , f ro m  w hich  a  
v a lu e  is  o b ta in ed  and  a s s e s s e d  a g a in s t an  o b jec tiv e  function , a s  
c r i t i c a l  p a r a m e te r s  a tte m p t to  v io la te  c o n s tra in ts  im p o sed  on the  
d e s ig n  of th e  m e c h a n ism .
G e n e ra l  eq u a tio n s  th a t  d e s c r ib e  th e  d y n am ics of b an d  m e c h a ­
n is m s  a r e  d ev e lo p ed . N o n lin ea r p a r t i a l  d if fe re n t ia l  eq u atio n s a re  
o b ta in ed  fo r  the  g e n e ra l  c a s e . The e q u a tio n s  a r e  no t so lved ; how ­
e v e r , tw o o th e r  a p p ro a c h e s  th a t  d e s c r ib e  to  som e ex ten t the
d y n am ics a s s o c ia te d  w ith  th e s e  type  m e c h a n ism s  a r e  p re s e n te d  
a long  w ith  so m e  m eth o d s o f so lu tio n .
The d esig n  of band  m e c h a n ism s  a re  b ro u g h t to  a  sy s te m a tic  
le v e l inc lud ing  th e  d e s ig n  of v e lo c ity  c am s, su ch  th a t su ch  m e c h a ­
n is m s  can  b e  d esig n ed  by  th e  d ig ita l co m p u te r  fo r  op tim al cond itions 
and p h y s ic a l fe a s ib i li ty . The dynam ics a s s o c ia te d  w ith  th e s e  
m e c h a n ism s  is  qu ite  fo rm a b le  and is  a f ie ld  of fu r th e r  s tu d y  in  the  
th e o ry  of m ac h in e s .
C H A PT ER  I
INTRODUCTION
A b and  m e c h a n ism  m ay  be  defined  a s  so m e  m e c h a n ic a l con­
tr iv a n c e  th a t em p loys a  f ig u ra tiv e ly  in e x te n s ib le  flex ib le  e le m e n t to 
t r a n s m i t  fo rc e  and m otion  f ro m  one p r in c ip a l  m e m b e r to  an o th e r, 
u su a lly  w ith  w inding and unw inding w ithout s lip p ag e  being  u se d  on a t 
l e a s t  one end of the  flex ib le  e lem en t, o r  band  (1). T h is type  of 
m e c h a n ism  is  u se d  qu ite  ex te n s iv e ly  fo r  the  t r a n s m is s io n  of l in e a r  
m otion , e . g . ,  s p ro c k e ts  and c h a in s . F o r  n o n lin e a r  o s c i l la to ry  
m otion , th is  type  of dev ice  is  a lso  ap p lica b le , y e t not e x te n s iv e ly  
u se d . F o r  ex am p le , in  the  t r a v e r s e  coun te rw eigh ting  sy s te m s  of 
c e r ta in  sp inn ing  f ra m e s  (2), a n o n lin e a r  co m p en sa tin g  s c ro l l  p ro v id e s  
c o n s is te n t, u n ifo rm  te n s io n  a t a ll  s ta g e s  of the  t r a v e r s e .
The d e s ig n  equations fo r  band  m e c h a n ism s  c lo se ly  r e s e m b le  
th e  d e s ig n  e q u a tio n s  fo r  c am s, and as such  th ey  a r e  so lv ab le  fo r  a  
b ro a d  c la s s  o f fu n c tio n a l c o n s tra in ts .  H ow ever, band  m ec h an ism s  
have m o re  s e v e r e  p h y s ic a l co m p a tib ility  re q u ire m e n ts  th an  c am s, 
and  a l l  so lu tio n s  to  th e  d esig n  equations a r e  no t so lu tio n s  to  th e  
d e s ig n  p ro b le m  (1).
Band m ec h an ism s have h igh  th e o re tic a l  a c c u ra c y ; how ever, 
c e r ta in  r e s t r ic t io n s  l im it  th e i r  a p p lica tio n . In th is  study, sy n th e s is  
equations a re  developed  in d e ta il, and  the  r e s t r ic t io n s  im p o sed  on 
th e  m ec h an ism  a re  id en tifie d  to  the  ex ten t p o s s ib le . A n u m b er of 
ex am p les  a re  w orked  out.
F ig u re s  1-1 and 1-2 i l lu s t r a te  m e c h a n ism s  th a t  fa ll  in to  the 
re a lm  of n o n lin e a r  band  m e c h a n ism s .
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FIG URE 1-2. TY PICA L BAND MECHANISMS
C H A PTER  II
DERIVATION O F SYNTHESIS EQUATIONS FO R 
FUNCTIONAL BAND MECHANISMS
S y n th esis  equations fo r  the d esig n  of nonun ifo rm  m otion  
band m e c h a n ism s  have been  developed  by  A. J .  M cP ha te  (3). F o r  
the c a se  of tw o m e m b e rs  ro ta tin g  about fixed  c e n te r s ,  of w hich 
one m e m b e r  has a  c i r c u la r  p ro f ile , M cP h a te  (1) developed  the 
equations in  c lo se d  fo rm  and i l lu s t r a te d  th e i r  u t i l i ty  fo r function  
g e n e ra tio n . The m ethods of (1) and (3) w e re  u til iz e d  by Dixon (4) 
to  include  the c a se  of one m e m b e r  having  an e ll ip t ic a l  p ro f ile . 
M olian  (5) d e m o n s tra te s  a p ro c e d u re  to  d e s c r ib e  a  p ro file  onto 
w hich a band w ra p s  a s  a sp e c if ied  fu n c tio n  of c a m  sh aft ro ta tio n .
D e riv a tio n s  w hich  follow  a re  an e x te n s io n  of M c P h a te 's  
w ork  in  th a t the d e s ig n  eq u a tio n s  a r e  deve loped  in  d e ta il  fo r 
(1) the g e n e ra l c a se  of one m e m b e r  of a  band m e c h a n ism  t r a n s ­
la ting  and ro ta tin g  w ith  p lane  m o tio n  and (2) the c a se  of two m e m ­
b e rs  ro ta tin g  about fixed  c e n te r s  of w hich one m e m b e r  is  an 
e c c e n tr ic  c i r c le .  The seco n d  c a se  not only p ro v id e s  fo r  a  check  
on the a c c u ra c y  of the  d e riv a tio n  of the g e n e ra l  eq u a tio n s but 
a lso  p ro v id es  a v e ry  a c c u ra te  th e o re t ic a l  m e m b e r  w hich  h as  a
g r e a te r  d e s ig n  flex ib ility  than  the  c ir c le  about the  c e n te r  of r o ta ­
tio n . It f u r th e r  p ro v id es  fo r  a c lo sed  fo rm  so lu tio n  of the sy n th e s is  
e q u a tio n s , w h e rea s  i te ra t iv e  tech n iq u es a r e  re q u ire d  fo r  the  g e n e ra l  
c a se . M uch of M c P h a te 's  w ork  w ill be re p e a te d  fo r  c la r i ty  of the  
d e r iv a tio n s .
The p ro b lem s h e re in  a re  p la n a r  p ro b le m s and as such  c o m ­
plex  v a r ia b le s  can  be u se d  to  d e s c r ib e  the  g e o m e try  of the sy s te m .
A . GENERAL DERIVATIONS
C o n sid e r a  s in g le  p lan e  in  w hich a po in t Z l ie s .  See R e fe r ­
ence  (6). L et th is  p o in t be  defined  a s  a  function  of a  r e a l  p a ra m e te r  
t; fo r  exam ple ,
Z(t) = x(t) + i i  y(t)
w h e re  x(t) and y(t) a r e  independen t r e a l  func tions of the  r e a l  
p a ra m e te r  t, and ii  = n/- 1 .
As t ch an g es, Z(t) w ill change, and  if  x(t) and  y(t) a r e  s in g le ­
v a lu ed  functions of t, th en  th e re  w ill be  a  unique po in t Z (t) fo r  e v e ry  
sp e c if ie d  value  of t .  F u r th e r ,  if  x(t) and y(t) a r e  continuous functions 
of t, Z(t) w ill then  define  a  continuous c u rv e  in  th e  p lan e .
If the  re a l  functions u se d  above a r e  d iffe re n tia b le , th en  
d iffe re n tia tin g  Z(t) y ie ld s
T his can  b e  w r it te n  in  p o la r  fo rm  as
dZ ds i iT
w h e r e  d s / d t  i s  th e  m a g n it u d e  o f  t h e  d e r i v a t i v e  a n d  t  i s  i t s  d i r e c t io n .
Since Z(t) a c tu a lly  g e n e ra te s  th e  c u rv e , d Z /d t  m u s t dep ic t 
a d if fe re n tia l  m o tion  along th e  c u rv e . To i l lu s t r a te  th is , c o n s id e r  
F ig u re  I I - 1 and the  b a s ic  de fin ition  of d Z /d t . By defin ition ,
= l i m i tdZdt -  „  - 
A t -*■ 0
and
dZ .. .. AZ~7r  = l im it  ——
d t  n A tA t -*■ 0
N ote th a t AZ is  th e  c h o rd  len g th  of a  se c a n t lin e  th a t cu ts  the cu rve  
Z a t Z (t) and Z (t + A t). If the  c h o rd  len g th  is  deno ted  by A c, th en
A Z = Ac e1X(r
w h e re  <r is  the  d ire c tio n  of th e  se c a n t l in e . T hus,
dZ A c e 11(r / A c \ i i  l im it  cr /TT
“ 7 7  = lim it  ——  = lim it —— e (II-2)dt A t \ A t / A t ->0
At -*■ 0
The lim itin g  v a lu e  of a  c h o rd  len g th  as two p o in ts  on a cu rv e  
a p p ro a c h  one a n o th e r  is  the  a r c  len g th . T hus,
/ A sZ (t + At)
Z(t)
FIG U RE E - l .  GEOM ETRICAL REPRESEN TA TIO N  O F dZ
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A c
lim it  ——• = d if fe re n tia l  a rc  . 
A t - 0  A t
T he n am e tra d i tio n a lly  g iv en  to  the  lim itin g  se c a n t line  as two p o in ts  
a p p ro a c h  i s  c a lle d  th e  tan g en t; th e re fo re ,  l im it  <r can  b e  c a lle d  the  
ta n g e n t ang le .
By d ir e c t  c o m p a r iso n  of equation  ( I I -1) and  (II-2),
ds A c—  = l im it  —— 
dt . , n A t A t -*■ 0
and
t = l im it  <r 
A t -*• 0
T hus,
dZ ds i i  t /tt o \
Tt = d T  e  • < n - 3 )
G e o m e tr ic a lly  speak ing , d s /d t ,  th e  m agn itude  of d Z /d t, is 
th e  in c re m e n ta l  m otion  a long  th e  c u rv e  Z, and t , th e  d ire c tio n  of 
d Z /d t ,  is  th e  d ire c tio n  of a  tan g e n t to  Z .
A s a  m a t te r  of conven tion , a llow  in c re a s in g  t  to define the  
p o s it iv e  d ire c tio n  o f s a long  Z (t). T hat is ,  tak e  d s /d t  to  b e  p o s itiv e .
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w hich  a llow s t to  conven ien tly  p o in t the  tan g en t in  th e  d ire c tio n  of 




A t th is  po in t, we have
&  -  Zdt
f  = s =( ^ + y ^
dx
X '  dt
y = dt
t = a rc ta n  (y /x ) (II-4)
w h e re  th e  a rg u m e n t t  h a s  b een  o m itted .
To ob tain  the  seco n d  d e r iv a tiv e  of Z (t), equation  (II-3) can  be  
diffe re n tia te d ,
d * d / . ii  t \ 
d t dt ( S 6 )
o r
••.......... ......................  11 TZ = (s + 11  s t  ) e
N ote th a t
ii  t  ii  (t  +  ir /2 )
11 e = e
i i  T  •*and is  o rth o g o n a l to  e . T hus, Z h a s  one com ponent p a r a l le l  to
the  tan g en t and  one com ponent o rth o g o n a l to  th e  tan g e n t.
At th is  t im e , th e  te r m  s t  m ay not be  co n cep tu a lly  conven ien t. 
H ow ever,
• _ d-r _ dT ds _ d r  .
T dt ds dt ds
so
•  *  *2s T = s —  ds
The t e r m  t  m e a s u re s  the r a te  of change of the  c u rv e  w ith  re s p e c t
to  the  p a ra m e te r  t w hich does not te l l  a  lo t, s in ce  t is  d ire c tly
invo lved . H ow ever, the t e r m  d-r/ds is  the  r a te  a t w hich  the
tan g en t to  the c u rv e  changes d ire c tio n  as a po in t m o v es  along the
c u rv e . T hus, d -r/ds is  a p u re ly  g e o m e tr ic  p ro p e r ty  of the  cu rv e
and is n o rm a lly  c a lle d  th e  c u rv a tu re .
To lo ca lly  d e s c r ib e  a c u rv e , one can  say  th a t the  cu rv e
cI t
is tu rn in g  as fa s t  a s  a c i r c le  w ith  ra d iu s  l / ' J J  » o r  i t  can  
be a p p ro x im a te d  by  a c i r c le  w ith  ra d iu s  d s/d -r and c e n te r  at
T his l o c a l  r a d i u s  h a s  a  m a g n i t u d e  o f  d s / d T  a n d  i s  c o m m o n l y
r e f e r r e d  to  as th e  ra d iu s  o f c u rv a tu re .  A s a  n o ta tio n a l convenience,, 
p w ill b e  u sed  to  deno te  th e  ra d iu s  of c u rv a tu re . I t  can  be n o ted
n e g a tiv e . T hus, p is  a s ig n ed  q uan tity , depending  upon r  fo r  i ts  s ig n . 
T h is  is  i l lu s t r a te d  in  F ig u re  I I -2 , the  a r ro w s  in d ica tin g  m otion  fo r  
in c re a s in g  t.
To com pute  p re q u ire s  only i t s  defin ition , equation  (II-5), and  
p e r fo rm a n c e  of the  in d ic a te d  o p e ra tio n s , i . e . ,  f ro m  eq u a tio n  (II—5),
th a t
d s  _ ds_ d t 8 
d r  d t  d r  -  t
(II—-5)
a n d  u n d e r  th e  p r e v i o u s  c o n v e n t io n  r e g a r d in g  s  a n d  t , s  i s  a l w a y s  n o n -
s
P T
a n d  f r o m  e q u a t io n  (II-4 ),
i
s + (x2 + y2 )2
and
t = a rc ta n  (y /x ) .
T hus
T
s  >  0  
T  >  0 
p  >  0
P = I / t
s  <  0 s  <  0
T  <  0 T  >  0
p >  0 p <  0
8 > 0 
T  <  0  
p <  0
FIG U R E I I - 2. R EPRESEN TA TIO N  O F RADIUS O F CURVATURE
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o r
x y  - x y
T  = T J — ;— r j -x2 + yz
F in a lly , p can be  e x p re s s e d  by
3
_  (X2 + V 2 ) 7
P  “  •  M to ■ •r  x y  - x y
W ith th is  r a th e r  b ro a d  and b a s ic  in tro d u c tio n , i t  is  a p p ro p ria te  
to p ro c e e d  to th e  d e sc r ip tio n  of p la n e s  m oving re la tiv e  to one an o th e r 
and m o re  sp e c if ic a lly , th e  a n a ly s is  of band  m e c h a n ism s .
If one p lan e  m o v es re la tiv e  to  a n o th e r , the  p o s itio n  of a  po in t 
in  the  seco n d  p lan e  m ay  be  lo c a te d  re la tiv e  to  th e  f i r s t  by (see  
F ig u re  I I -3)
Zi — T-> "t Z? e i i  <j)2
w h ere
Z 1 = a  p o in t in  p lan e  1
Z2 = a  po in t in p lan e  2
<}>2 = o r ie n ta t io n  ang le  of th e  c o o rd in a te  sy s te m  of p lan e  2
re la t iv e  to  p lan e  1 
T2 = d isp la c e m e n t o f the  o r ig in  o f p lan e  2 f ro m  th e  o r ig in  
of p lan e  1
e = th e  n a tu r a l  o r  N a p e ria n  lo g a r i th m  b a se
i i  = \ l - l  .
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PL A N E  Zi
PL A N E  1
FIG U RE I I - 3. R E L A T IV E  D ISPLA CEM EN T O F A PO IN T IN 
PL A N E  2 RELA TIN G  TO PLA N E 1
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F o r  th e  c a se  of a band  m e c h a n ism  (se e  F ig u re  II-4 ), the 
equation  of c o n s tra in t  b e co m es
w h e re  B is  th e  co m p lex  n u m b e r th a t r e p r e s e n ts  th e  band  and is  
m e a s u re d  f ro m  p la n e  1 to  p lan e  2. B can  b e  w r it te n  as
w h ere  b is  the  le n g th  o f th e  b an d  f ro m  p ro f i le  1 to  p ro f i le  2 and <j>b 
is  the  ang le  b e tw een  th e  h o r iz o n ta l  Xj -a x is  and  B . The angle <j>k is  
a lso  u se d  to  define  th e  d ire c tio n  in  p lan e  1 of the  tan g en t to  cu rv e  Z t , 
and<j>b - <j>2 is  th e  d ire c tio n  in  p lan e  2 of the  tan g e n t of the  band  to 
th e  c u rv e  Z2 •
w h e re  th e  p r im e s  deno te  d if fe re n tia tio n  w ith  r e s p e c t  to som e m ono­
to n ic  m otion  p a r a m e te r .  Note th a t  th e  d if fe re n tia tio n  n o ta tio n  h as  
changed  f ro m  th e  dot to  th e  p r im e . The dot n o ta tio n  w ill b e  u se d  w hen 
tim e , t, is  e x p lic itly  th e  p a ra m e te r  w ith  w hich  d if fe re n tia tio n  is 
p e r fo rm e d .
Zx + B = T2 + Z2 e 11 (II-6)
(II-7)
D iffe re n tia tio n  of equation  (II-6) y ie ld s
Zj 1 = T2 1 + (Z2 ' + i i  <j>2 ' Z2 ) e 11 ^ 2 - B 1 (II-8)
D iffe re n tia tio n  of eq u a tio n  (IX—7) y ie ld s
B ' = (b1 + i i  b  <j>k ') e** • ( II-9)
FIG U RE II-4 . BAND MECHANISM R EPR ESEN TA TIO N
The cond ition  th a t b  be  w inding o r  unw inding to  o r  f ro m  each  
c u rv e  is  g iven  by
w h e re  1 and s2 1 a re  the  d if fe re n tia l  a r c  len g th s  of Zi  and  Z2 , 
r e s p e c t iv e ly  (see  F ig u re  H -5) (6). Thus the follow ing can  be 
fo rm u la te d  c o n s is te n t w ith  th e  above u sage  of Sj 1 and s2
B e ca u se  th e  d ire c tio n  of th e  band  is  p re s e n tly  being  u se d  to  define the 
tan g e n t d ire c tio n , Sj ' and s2 1 a r e  sig n ed  q u a n titie s  a s  d ep ic ted  e a r l i e r  
in  th e  te x t.
S u b stitu tio n  of equations (11-9), (11-10), and (11-11) in to  
equation  ( I I -8) y ie ld s  a f te r  som e red u c tio n
T hus, th e  d e s ig n  eq u a tio n s  fo r  the  b and  m e c h a n ism  a re  g iven  
by eq u a tio n s  (II-6) and (11-13). I t is  w orthy  a t th is  p o in t to  no te  th a t 
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2 0
t r a v e r s e d  by T2 1 is  sp e c if ie d  and  th a t th e  o r ie n ta tio n  of p lan e  2 r e l a ­
tiv e  to p lan e  1 is  a lso  sp e c if ie d . B oth  q u a n titie s  a re  know n a s  func­
tio n s  of so m e  com m on p a ra m e te r .  T hese  q u a n titie s  m ay  be sp e c if ied  
as a s e r ie s  of p o in ts  a s  a  function  of the  p a ra m e te r  o r as som e func­
t io n a l re la tio n sh ip  of th e  p a ra m e te r  in  equation  fo rm . In any c a se , 
th e se  q u a n titie s  and th e i r  d e r iv a tiv e s  a r e  a s su m e d  to  be  know n. Thus, 
equations ( I I -6) and (11-13) p ro v id e  fo u r com plex  equa tions w ith  seven  
unknow ns, the  unknow ns be ing  the  th re e  com plex  n u m b e rs  Z 1 , Z2 , and 
B and  the  r e a l  n u m b e r ^ 1. F u r th e r  d if fe re n tia tio n  of equ atio n  (11-13) 
w ill y ie ld  m o re  re la tio n sh ip s , bu t the  in c re a s e d  com plex ity  of the  
equations does no t en co u rag e  th is  ap p ro ach  (3). H ow ever, if  Z2 can  
b e  defined  by  a  known p ro f ile , a  d esig n  r e s t r ic t io n  o r  any o th e r  m ean s, 
th en  it  is  p o s s ib le  to  develop  a  techn ique  th a t w ill p ro v id e  fo r a  so lu ­
tio n  of Zj .
A ssu m e  th a t a  p lane , s in g le -v a lu e d  c u rv e  Z2 is  defined  a s  a 
function  of a  p a ra m e te r ,  p o s s e s s e s  a  continuous d e riv a tiv e , and 
does no t co n ta in  in fle c tio n  p o in ts . Then, any po in t on th a t cu rv e  
can  be lo c a te d  by one value  of th e  p a ra m e te r  o f th a t c u rv e . T hus, a 
p o in t on th e  cu rv e  h a s  one d e g re e  of f re e d o m . Now if th a t p a ra m ­
e te r  is  chosen  to  be  th e  d ire c tio n  of the  tan g en t to  th e  c u rv e ; fo r a  
g iv en  v a lu e  of th e  tan g en t a  unique p o in t on the  c u rv e  is  lo c a te d .
S ince ((j  ̂ -  <j>2 h as  b e e n  show n to be  th e  d ire c tio n  of th e  band  in  p lan e  2, 
u sin g  th e  d ire c tio n  of the  band  to  define  the  d ire c tio n  of th e  tan g en t 
g iv es
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Z2 = f  (<j>|j -  <J>2 ) •
T h is concep t w ill  be  u se d  to  co m p le te  th e  developm en t of th e  k in e ­
m a tic  d e sig n  equations fo r  band  m e c h a n ism s .
Now, f ro m  eq u a tio n  (11-13), le t
Z3 = <t>2 ' Z 2 e 11^ 2 - i i  T2 1 . (11-14)
S u b stitu tio n  o f eq u a tio n  (11-14) in to  eq u a tio n  (11-13) a llow s <j>k to  be 
fo rm u la te d  and is  g iven  by
= a rc ta n  ( “ f - f  j )  • (H-15)
H ow ever,
z 3 = g (Z2 , (J>2 , (j>2 ', T2 ')
and
Z 2 = f  (<j>-b “ <l>2 ) •
Then
cjĵ  = q  £ z 2 (<j)|j), <j>2 > 4*2 '» T2 .
w ith  q r e p re s e n tin g  a  know n fu nc tion  fo rm .
T hus, th e  p ro b le m  h a s  b e e n  re d u c e d  to  a  ro o t so lv ing  p ro b le m  
fo r  <j>k with4>2 , 4>2 '» and  T2 1 a s  p a r a m e te r s  a ffec tin g  th e  lo c a tio n  of 
th e  ro o t.
In g e n e ra l, th is  eq u a tio n  is  too  d iffic u lt to  so lv e  in  c lo sed  
fo rm , and <|>̂  m u st be  so lv ed  by  som e i te r a t iv e  tech n iq u e . F o r  
ex am p le , Newton i te ra t io n  c an  be  u se d . An in i t ia l  va lue  of ^  could  
be  a ssu m e d , Z3 ob tained , and  th en  a  new  c a lc u la te d  f ro m  equation  
(11-15). If the  d iffe ren c e  b e tw een  the  a s su m e d  va lue  of <|>k and  the  
c a lc u la te d  value  of is  n o t w ith in  so m e  e» th en  choose
* bi+l = + 6 ^ b ca lc  " 4>bi)
w h ere  6 is  so m e  re la x a tio n  p a ra m e te r .  The p ro c e d u re  is  i te r a te d  
u n til the  d e s ir e d  a c c u ra c y  i s  o b ta in ed . T h is re la x a tio n  m ethod  w as 
u se d  by th e  a u th o r fo r  the  n u m e r ic a l  d e s ig n  of the  exam ple  m e c h ­
a n ism s  show n in  th is  w o rk .
U nder the  a ssu m p tio n  th a t  h a s  b e en  ob ta ined , the  n u m b er 
of unknow ns have b e en  re d u c e d  to  one co m p lex  and one re a l ,  Zj and 
C e r ta in ly  can  be ob ta in ed  by d if fe re n tia tio n  of equation  
(11-15) if  <j>k h as  a lre a d y  b e e n  o b ta in ed . D iffe re n tia tio n  of equation  
(11-15) y ie ld s
1 = ( | Z 312 ) “ 1 ( R ea l Z 3 Im ag Z 3 1 - Im ag  Z 3 R e a l Z3 1 )
(11-16)
w h e re
| Z 3 I2 = (R eal Z 3 )2 + (Im ag Z 3)2 .
To u til iz e  eq u atio n  (11-16) f o r ^ 1, Z3 1 is  obv iously  needed . 
T h is is  ob ta ined  f ro m  d iffe re n tia tio n  of eq u atio n  (11-14). T hat is ,
Z3 ' = <|>2 " Z 2 e 11* 2 + <j>2 ' Z2 * e ll(t>2 + ii(<|,2 ' ) Z 2 e11<l>2 - i i T 2 "
(11-17)
F ro m  equation  (11-17), Z2 ' e n te r s  in to  the  developm en t; how­
e v e r , Z2 1 h as b e en  defined  by equation  (11-11) as
Z2 ' = s2 * e 11 (({>b “ (*>2 ) .
U sing the  chain  ru le  of d iffe re n tia tio n , Z2' cam b e  w r i t te n  as
Z 1 -  i i\ ^ b  ” ^




d (<t>b " $z  )
by defin itio n  th e  ra d iu s  of c u rv a tu re  of p ro f i le  2 . (See F ig u re  I I - 6 . )
Thus
Z2 ' = p2 ( V -  *2 ■) e a  H  '  ** ’ • (I1- 18)
To s im p lify  the  a lg e b ra , equation  (11-16) is  w r it te n  as
4>b' (I z 3 I2 ) = R ea l z 3 Im a g z 3 1 “ Im ag  Z 3 R e a l Z 3 1 . (11-19)
> 0 IN DIRECTION OF INCREASING (<|>b - <J>2 )
s
PL A N E  2
” 4*2
FIG URE I I - 6. RADIUS O F CURVATURE IN PLA N E 2
tvJ
S u b s titu tio n  of equa tions (11-14), (11-17), and (11-18) in to  eq u a ­
tio n  (11-19) y ie ld s
cj>b ' ( | Z 3 | 2 ) = Real(Z3)<i>2 ' p2 (<j>b - - <j,2 ') Imag (eU 4*)
+ Real  Z3 " Imag (Z2 e11^ 2 )
+ (<|>2 ')2 Im ag (ii Z2 e*1 ^ 2 ) - Im ag (ii T2 " ) J
- Im ag (Z 3)<j>2 ' p2 ((j,b ' - <J,2 ') R e a l ( e ^ b )
- Im ag (Z3)[̂ <|,2 " R e a l (Z2 eU * 2 )
+ ((j>2 ')2 R e a l (ii Z2 eU )
- Real  (ii T2 " )J  (11-20)
F r o m  eq u a tio n  (11-20), i t  can  be  s e e n  th a t the  le f t  han d  s id e  of 
th e  e q u a tio n  i s  a  l in e a r  function  of <j>b '.  T hus can  be  ob ta ined  
e x p lic i t ly  and  h a s  th e  fo rm  of
«|>b ' = ^R ea l(Z 3)j <j)2 " Im ag ^ e ” * 2 )
- (4>2 ')2 [p 2 Im ag  (e11(^b ) - Im ag (ii Z2 e l l(^2 )J
- Im ag  (ii T2 ") j - Im ag (Z3) j <f>2 " R ea l (Z2 e11 * z )
- (<|>2 ')2 [ p2 R e a l ( e * * ^ )  .  R e a l (ii Z2 e 11* 2 )]
-  R e a l (ii T2 " )  J J  [| Z 3 |z -  R eal(Z 3 ) '  p2 Im ag  (e11̂ )
+ Im ag  (Z 3) <J>2 ' P 2 R e a l (e11^ ) ] " 1 (11-20)
W ith th is  the  p ro b le m  h a s  b e e n  re d u c e d  to  tw o r e a l  unknow ns, 
the  com ponen ts of th e  co m p lex  n u m b e r Z x . F ro m  equation  (11-13)
Z1 can  now  be  o b ta in ed  f ro m  equation  (II-6), w r itte n  in  the  follow ing 
fo rm
p u ta tio n  p ro c e d u re . W ith d e fin itio n  of th e  d e s i r e d  re la tiv e  m otion  
and  one o f th e  p ro f i le s  (Z2 ), th e  m atin g  o r  con jugate  p ro f i le  Zj can  be 
c o m p u ted  in  a  s tr a ig h tfo rw a rd  m a n n e r .
A lthough  eq u a tio n  (11-22) p ro v id e s  Z x e x p lic itly , th is  does no t
a s s u r e  th a t  a w o rk a b le  m e c h a n ism  h a s  b e e n  a tta in e d . T h e re  a re  
p h y s ic a l  r e q u ir e m e n ts .
B . PH Y SICA L REQ U IREM EN TS
To co m p le te  th e  a n a ly s is ,  i t  i s  n e c e s s a r y  to  d e te rm in e  w hat 
c o n d itio n s  m u s t  be  im p o sed  on -<|>2 (<f>j ) and  T 2 (<j>j) to  e n s u re  a  w o rk ­
ab le  m e c h a n ism .
and  by  u se  o f eq u a tio n  (11-14)
(11- 22 )
E q u a tio n  (11-22) c o m p le te s  th e  c o n s tru c tio n  o f a  d e s ig n  co m -
B a se d  on the  a n a ly s is  p re s e n te d  th u s f a r , one su ch  w o rk ab le  
m e c h a n ism  is  d e lin e a te d  in  F ig u re  (II-7 ). T h is  i l lu s t r a t io n  d e p ic ts  
a c o n to u r w hich  is  r e p re s e n te d  by  a  s e r i e s  of ,rp in s r'.  As m e m b e r  2 
ro ta te s  in  th e  in d ic a te d  d ire c tio n , th e  b an d  w ill  r e m a in  ta u t and 
unw ind f ro m  m e m b e r  1 unto m e m b e r  2. The p in s  deno te  in s ta n ­
tan e o u s  tan g e n t p o in ts  and c o rre s p o n d  to  th e  tan g e n t p o in ts  of 
m e m b e r  1 and to th e  in c re m e n ta l  m o tio n , A<J>j , thu s defin ing  the 
p ro f i le  of m e m b e r  1 fo r  a  g iven  <J>2 = Gfcjjj ).
W ith th is  r a th e r  b ro a d  d e fin itio n  of a w o rk ab le  m ec h an ism , 
it  is  now  p e rm is s ib le  to  t r y  and define  q u a n tita tiv e ly  as m an y  of the 
p h y s ic a l  re q u ire m e n ts  im p o se d  on the  m e c h a n ism  as p o s s ib le .
F i r s t ,  th e  b and  m u s t  b e  un ique, i .  e . ,  one b an d  m u s t be  
w ra p p e d  onto one Z t p ro f i le  fo r  th e  e n t i r e  ran g e  of o p e ra tio n .
F ig u re  (II— 8) g ives a  v io la tio n  of th is  c o n s tra in t .  T h is  cond ition  is  
c h a r a c te r iz e d  by  th e r e  b e in g  two d is t in c t  v a lu e s  o f ({ĵ  fo r  som e value 
of the  inpu t cj>x . The r e s t r i c t io n  th is  cond ition  im p o se s  on <j)2 and T2 is  
th a t th e i r  d e r iv a tiv e s  be  s in g le  valued , no ju m p s .
Second, i t  is  obvious f ro m  equation  (11-22) th a t  (jj-j-,' cannot go 
to  z e ro  in  g e n e ra l  w ithou t Zj a p p ro a ch in g  oo. T h is cond ition  is  
d e p ic te d  in  F ig u re  ( I I -9) and  i l lu s t r a te s  th a t  the  band  m u s t re m a in  
so m e  f in ite  and  re a so n a b le  len g th .
T h ird , th e  b an d  in  l a t e r  p o s itio n s  m u s t  no t in te r f e r e  w ith  th e  
p ro f i le s  of e a r l i e r  p o s it io n s , and v ice  v e r s a .  T h is s itu a tio n  is
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d e p ic te d  in  F ig u re  (11-10). F o r  th is  c a se  th e  band is  show n to  be  in  a 
p o s it io n  th a t  r e q u i r e s  i t  to  p a s s  th ro u g h  an e a r l i e r  g e n e ra te d  p o r tio n  
of th e  p ro f i le  o f m e m b e r  1. The c e n te r  of c u rv a tu re  of m e m b e r  1 
h a s  sh if te d  f ro m  one s id e  o f the  tan g en t v e c to r  to  the o th e r . It is  
obvious f ro m  th is  i l lu s t r a t io n  th a t th is  cond ition  canno t e x is t. T his 
in te r f e r e n c e  is  c a u se d  by  d st changing sign , i . e . ,  the  ra d iu s  of
c u rv a tu re  of Z 1 h a s  changed  s ign .
T h e re  a r e  c a s e s  in  w hich the  c u rv a tu re  can  change sign  w ith ­
ou t be ing  d e s tru c t iv e  to  th e  m e c h a n ism , as w e ll a s  c a s e s  in  w hich  the  
c u rv a tu re  does n o t change s ig n  y e t th e  m e c h a n ism  is  no t fe a s ib le . 
F ig u re  (11-11) i l lu s t r a te s  a  s itu a tio n  in  w hich  th e  c u rv a tu re  changes 
s ig n , y e t is  fe a s ib le  fo r  so m e  m e c h a n ism s . F ig u re  (11-12) i l lu s t r a te s  
a  c a s e  w hen th e  c u rv a tu re  does no t change s ig n  y e t th is  s itu a tio n  is  
n o t fe a s ib le  fo r  any  b an d  m e c h a n ism .
F ig u re  (11-13) show s a seco n d  c a se  fo r  a  non -ch an g in g  c u rv a ­
tu re  y e t an  in fe a s ib le  m e c h a n ism  e x is t  in  th is  c a s e . F ig u re  (11-10) 
d e p ic ts  a c a se  in  w hich d sx / d ^  changed  sig n ed  fo r  an  in fe a s ib le  
m e c h a n ism .
F o u r th , fo r  an o v e rc o n s tra in e d  m e c h a n ism  th a t re q u ire s  two 
b a n d s , b id ir e c t io n a l  o r  o s c i l la to ry  m e c h a n ism s , th e  two p ro f i le s  m u s t  
n o t in te r f e r e .  O bv iously , th is  d iffe rs  f ro m  th e  p re c e d in g  s itu a tio n , 
i .  e . ,  in  th is  c a s e  in te r f e re n c e  of th e  two p ro f i le s  a r e  invo lved  
w h e re a s  in  th e  p re v io u s  c a se  th e  in te r fe re n c e  w as b e tw ee n  th e  band
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and  one p ro f i le .  F ig u re  (11-14) i l lu s t r a te s  a s i tu a tio n  in  w hich  two 
p ro f i le s  in te r f e r e .  T h is cond ition  can  u su a lly  b e  avo ided  by  a x ia lly  
o ffse ttin g  th e  two p ro f i le s  and b a n d s . An e x am p le  p r e s e n te d  a t the  
end  of th is  c h a p te r  i l lu s t r a te s  an a x ia lly  o ffse t m e c h a n ism .
U ntil now sp e c if ic  ex am p le s  hav e  i l lu s t r a te d  w hat c o n s titu te  
a fe a s ib le  m e c h a n ism . It is  ad v an tag eo u s, h o w e v e r, to  g e n e ra l iz e  
a s  m u ch  as p o s s ib le  and to  e s ta b l is h  th e  cond itions th a t enab le  one 
to  d e te rm in e  w h e th e r  a m e c h a n ism  is  a c c e p ta b le  o r  n o t. F o r  
e x am p le , F ig u re  (11-15), d e p ic ts  a  s i tu a tio n  in  w h ich  a  " ju m p "  o c c u rs , 
y e t  th is  cou ld  be  an a c c e p ta b le  m e c h a n ism  to  so m e  ex ten t, in  co n ­
t r a s t  to  the  f i r s t  r e s t r i c t io n  d is c u s se d , i . e . ,  d e r iv a tiv e s  be  sin g le  
v a lu ed , F ig u re  (II—8). F ig u re  (11-16) i l lu s t r a te s  a  s im ila r  s itu a tio n . 
F ig u re  (11-17) d e lin e a te s  a  c a s e  in  w hich  a  " ju m p "  o c c u rs , s im i la r  
to  th e  m e c h a n ism  p ic to ra l ly  d e s c r ib e d  in  F ig u re s  (11-15) and  (11-16). 
T h is  i l lu s t r a t io n ,  h o w ev er, d e p ic ts  an  u n a c c e p ta b le  s itu a tio n  in 
w hich  the  b an d  ju m p s f ro m  one s id e  of th e  c u rv e  to  the  o th e r  s id e .
In g e n e ra l , it  can  be s ta te d  th a t any g iven  se c tio n  o r  se g m e n t 
o f Zj is  p h y s ic a lly  p o s s ib le  i f  th e  end p o in ts  of th a t se g m en t can  be  
c o n n e c te d  by a convex  c u rv e  th a t does no t c ro s s  th e  band  o r  en c lo se  
Z 2 in any  p o s itio n . R e fe r  to  F ig u re s  (11-18) and  (11-19). C o n v e rse ly , 
f o r  any  se g m e n t o f Zj to  be  fe a s ib le , a  convex c u rv e  co nnec ting  the  
in i t i a l  and  fin a l p o in ts  o f the  se g m e n t m u s t  e x is t  th a t does n o t c ro s s
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\ PR O FIL E  2
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FIG U R E  H -19 . SCHEM ATIC ILLUSTRATION O F GENERAL 
INFEASIB LE M ECHAN ISM
th e  b a n d  o r  e n c lo se  m e m b e r  Z2 . Thus the  com ple te  cu rv e  c o n s is tin g  
of Zj and  th e  c lo s in g  c u rv e  m u s t  be  convex. T h is ru le  ap p lies  to  
b o th  fin ite  and in f in i te s im a l  leng th  se g m en ts .
F o r  ex am p le , F ig u re s  (11-20) and  (11-21) d ep ic ts  in f in ite s im a l 
t r iv i a l  c a s e s .  F ig u re  (11-20) i l lu s t r a te s  a convex fe a s ib le  so lu tion . 
F ig u re  (11-21) i l lu s t r a te s  an in fea s ib le  concave c a se  (c u rv a tu re  
ch anged  sign) and d e p ic ts  in  the  g e n e ra l se n se  the  convex cu rve  
" c u ttin g "  th e  band .
F ig u re s  (11-22), (11-23), and (11-24) i l lu s t r a te  fin ite  s i tu a tio n s . 
In F ig u re  (11-22), a  fe a s ib le  cond ition , convex e v e ry w h e re , e x is ts .  
T h is  c a se  is  r e p re s e n ta t iv e  of th e  s itu a tio n  in  w hich the c u rv a tu re  
c h an g e s  s ig n  ye t a w o rk a b le  accep tab le  m e c h a n ism  could  s t i l l  e x is t 
in  g e n e ra l  (see  F ig u re  (11-11) a lso ) . F ig u re  (11-23) d ep ic ts  an in fe a s i­
b le  cond ition  th a t i l lu s t r a te s  the  c lo sing  cu rv e  and Z x seg m en t no t 
b e in g  convex e v e ry w h e re . T his condition  w as d ep ic ted  in 
(11-12), a  c a s e  th a t  i l lu s t r a te d  a non-chang ing  s ig n  of c u rv a tu re  y e t 
the  m e c h a n ism  w as in fe a s ib le . F ig u re  (11-24) i l lu s t r a te s  an in fe a s i­
b le , convex c lo s in g  c u rv e . The in fea s ib le  condition  e x is ts  b e c a u se  of 
Z2 b e in g  e n c lo se d  by  th e  cu rv e ; a condition  a s s e s s e d  e a r l i e r  in  the 
g e n e ra l  ru le .  T h is cond ition  re s u l ts  f ro m  the band  "jum ping" 
f ro m  one s id e  of th e  c u rv e  to  the  o th e r  s id e .
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FIG U RE 11-24. F IN IT E  CONVEX IN FEA SIB LE MECHANISM
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In g e n e ra l ,  i t  a p p e a rs  th a t if  th e re  a r e  any " ju m p s"  encoun­
te r e d  in  the  d esig n , it  is  n e c e s s a ry  to  ev a lu a te  only th e  " jum p" 
i t s e l f  to  d e te rm in e  if  i t  c re a te s  an  in fe a s ib le  condition .
T hus, i t  can  b e  s ta te d  th a t any se g m en t of the  p ro f i le  m u s t be 
convex  and c ap a b le  of be ing  fo rm ed  f ro m  a convex body w ith the 
b an d  to ta lly  o u ts id e  th e  body. T h is p e rm its  up to  one and only one 
" ju m p "  w h e re  th e  ra d iu s  o f c u rv a tu re  ch an g es sign  b u t w ill allow  an 
■infinite n u m b e r  of jum ps in  b , F ig u re  (11-25).
O th er cond itions e x is t  th a t im p o se  r e s t r ic t io n s  on the  m e c h ­
a n is m . F o r  one, the  band  m u st p o s s e s s  a f in ite  th ic k n e s s , thus 
d s j /d ^ b  = 0 m u s t be  avo ided . O ther r e s t r ic t io n s  m ay  e x is t;  how ­
e v e r , th e  ones th u s f a r  c o n s id e re d  a p p e a r  to  be  the  p r in c ip a l  ones 
c a u se d  by  th e  function  be ing  g e n e ra te d .
The f i r s t  cond ition  th a t the  band  be  a fin ite  leng th  is  e a s i ly  
re s o lv e d  by  the d e s ig n e r .
The seco n d  co n d itio n , 4>"bf z e ro  can be v e r if ie d  a s  the
m e c h a n ism  is  ro ta te d  th ro u g h  i ts  ran g e  of d e s ire d  o p e ra tio n .
The th ird  cond ition  re q u ire s  the  d e te rm in a tio n  of th e  c u rv a tu re , 
d<j>b/dsj .
F ro m  eq u a tio n  (11-11)
Z , '  =
and by  th e  u se  o f th e  ch a in  ru le  o f d iffe re n tia tio n
FEA SIB LE AT A L L  JUM PS IN b
*  X!
FIGURE H -25 . SCHEMATIC ILLUSTRATION OF FEA SIB LE b JUM PS
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z > ' = e < i  + b  ( I I ' 2 3 )
o r
dsi
e " 11 . (11-24)
d«t*b <j>b'
Zj 1 h a s  b e e n  g iven  p re v io u s ly  by  equation  (II-8) as
Zj 1 = T2 + (Z2 1 + i i  «j)2 » Z2 ) e11 ^  - B>
and B h as  b een  defined  by  eq u a tio n  ( I I -9) as 
B = b e11 ■f’1’ .
Then
B ' = b 1 e 11 + i i  <j)b ' b e 11^ 13 . (11-25)
Now fro m  eq u a tio n  (11-13) b  is  g iven  by 
b = (4,2 1 Z2 e11 ^  - i i  T2 ) /  4>b ' e 11 
and  by  d if fe re n tia t io n  y ie ld s
b ' = ( e “  4>b 'j[<t>2 ” z 2 + <!»2 ' Z2 ■ + ii(<(»2 ’) Z2]  el i , h  - U  T , " J
- (<|>2 ' Z 2 e11* 2 - H I , ' )  [<|>b " + ii(.)>b ')2] e 11^ b )/('l>b, e 11'l>b)2
(11-26)
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4>b " h a s  now b een  b ro u g h t in to  th e  a n a ly s is . To d e te rm in e  
<j>kM, eq u atio n  (11-16)
^ b ' = ( |Z 3 !2 ) 1 ( R e a l Z3 Im ag Z3 ' - Im ag Z3 R eal Z 3 1 )
is  d if fe re n tia te d  and  y ie ld s
$ b " = £ I Z 3 1 2 (R eal Z3 Im ag Z3 " - Im ag Z3 R eal Z 3 ")
- (R eal Z 3 Im ag  Z3 1 - Im ag Z3 R e a l Z 3 ')
- 2 (R eal Z 3 R e a l Z3 ' + Im ag Z3 Im ag Z3 ')] / ( !  Z3 |2 )2
(11-27)
F o r  conven ience  th is  can  b e  w r it te n  as
|Z 3 |2 )2 - | Z3 | 2 (R eal Z 3 Im ag  Z 3 " - Im ag  Z 3 R ea l Z3 ")=RHS
(11-28)
w h e re
RHS = -2 (R eal Z3 R ea l Z3 1 + Im ag Z3 Im ag Z 3 ')
- (R eal Z 3 Im ag  Z3 ' - Im ag  Z3 R ea l Z3 ') (11-29)
Z3 " m u s t now b e  d e te rm in e d . T h e re fo re , equation  (11-17)
Z3 ' = 4>2 " z2 e ii4>2 - 4,2 z2- eii,|>2 + i i  (4*2 ’) Z2 eU+2 - ii T:
d if fe re n t ia te d  y ie ld s
z 3 " = 4>2 » Z2 + 2<j>2 " Z2 « + <J>2 ' Z2 » - (<J>2 ')3 z2
+ i i  [3<»2 '4»2 » Z 2 + 2 (c|>2 ’)2 Z2 *] I e11
(11-30)
Since Z2 ' is  g iven  by equation  (11-18) as 
Z2 ' = p2 (4>b ' -<i>2 ' ) e ii(< J,b" <,,2) 
th e n  Z2 M can  be o b ta in ed  by  d iffe re n tia tio n  of equation  (11-18). Thus
z 2 ” = [pj <+b’ -«►*’) + H PJ <+b’ -  ')2 -  PS <h "] e i l  (,i,b ‘  +! ’
+ P2 <l>b" «“  <4>b " l>2) • (11-31)
S u b stitu tin g  equation  (11-31) in to  equation  (11-30), Z 3 " is  g iven  by 
Z3 " = j«j)2n , Z2 +2<j)2 '»Z2 ' [p2 '(<j,b '-<j,2 »)
+ i i  p2 (<j>b ' - 4,2 ')2 - p2 4>2 "] eu  (<5>b - +*}
- f a  «)3 Z2 + i i  [3 4 . 2  ' fc  " Z2 + 2  (<j>2 ')2 Z2 '] J  e”  + 2
+ 4>z ' Pz «j>b" e il  ^  - 11 T2 • (11-32)
L et Z4 b e  a com p lex  n u m b e r th a t r e p re s e n ts
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z4 = 14*2 "* Z2 + 2(j,2 » z2» + «j>2 • [P2 '(+b - +2 •)
+ i i  p2 «,b ' -  <j>2 ’)2 - p2 <j>2 " ]  e11 (+* " +2 }
- (<j>2 ')3 Z2 + i i  [3<J,2 '<j,2 l'Z 2 +2(«j,2 ')2 Z 2 *J |  e ia<*>2 - i i  T2
(11-33)
th e n
Z3 " = Z4 + ' p2 <J>b " e{i *b . (11-34)
S u b s titu tio n  of E quation  (11-34) in to  equ atio n  (11-28) y ie ld s
<H>" ( !Z3 I 2 )2 -  ( |Z 3 ! 2 ) |R e a l  Z 3 (Im ag Z4
+ $ 2  ' P 2 4>b " Im ag (e11 * b) - Im ag  Z 3 [(R eal Z4 )
+ 4>2 ’ P2 <l>bn R e a l (e11 ^ b )] |  = RHS • (H-35)
T hus <j>b " can  b e  o b ta in ed  ex p lic itly , th a t is
4>b " = [R H S + ( |Z 3 | 2 )(R ea l Z3 Im ag  Z4 - Im ag Z3 R e a l Z4)]
%
j [ ( |Z 3 !2 )2]  [ | Z 3|2 -  pz 4»z ' (R e a l Z 3 Im ag  e ”  +b
-  Im ag  Z 3 R ea l e** ^b)jj . (11-36)
By u se  of e q u a tio n s  (11-25), (11-26), and  (11-36), Zj ' can  now  be  
d e te rm in e d . T he c u rv a tu re  d<|>b /d s i  can  be  o b ta in ed  f ro m  equation  
(11-24), r e p e a te d
<Is i _ Z t 1 >̂b
d+b '  V  6
N ote  th a t  th is  r e s u l t  p re s u p p o s e s  th a t (j)  ̂ i s  th e  d ire c tio n  of th e  
ta n g e n t a s  w as i l lu s t r a te d  in  f ig u re  (II-4 ).
H ow ever, s in c e  th e  c u rv a tu re  is  a  r e a l  q u an tity , only th e  r e a l  
p a r t  of eq u a tio n  (11-24) is  re q u ire d , th a t i s ,  th e  c u rv a tu re  b e in g  th e
in v e r s e
T hus, w ith  th e  d e te rm in a tio n  of Zt w h ile  s im u lta n e o u s ly  t e s t ­
ing (1) th e  c u rv a tu re  to  a s s u r e  th a t it does n o t change s ig n  and  (2)
4*-̂ ' to a s s u r e  th a t i t  do es no t go to  z e ro , a  b and  m e c h a n ism  fo rm e d  
u s in g  th e  tw o c u rv e s  Z t and  Z2 w ill p ro v id e  a  fu n c tio n a l re la tio n sh ip  
b e tw e e n  T2 and <|>2 .
A c o m p u te r  p ro g ra m , G E N P L T , h a s  b e e n  w r i t te n  th a t  in c o r ­
p o r a te s  th e s e  e q u a tio n s  and is  in c lu d ed  in  th e  A ppendix , F low  C h a rts  
and  C o m p u te r  P r o g r a m s .
C . EC C EN TR IC  C IR C L E  DERIVATION
As s ta te d  e a r l i e r ,  th e  d e s ig n  eq u a tio n s  have  b e e n  dev e lo p ed  in  
d e ta i l  by  A . J .  M c P h a te  fo r  th e  c a s e  o f tw o m e m b e rs  ro ta tin g  about 
f ix ed  c e n te r s ,  of w hich  one m e m b e r  h a s  a c i r c u la r  p ro f i le  (1). The 
d e v e lo p m e n t o f th e  e q u a tio n s  fo r  one m e m b e r  b e in g  an e c c e n tr ic  
c i r c le  w ill p ro v id e  a  s im p le  th e o re t ic a l  m e m b e r  w ith  m o re  d e s ig n
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f le x ib il i ty  th an  th e  c i r c le .  T h is deve lopm en t p ro v id e s  a so lu tion  
in  c lo s e d  fo rm , a s  does the  c i r c le .
A gain , th e  eq u a tio n  of c o n s tra in t  is
S ince i t  is  a s su m e d  th a t th e  two m e m b e rs  a r e  ro ta tin g  about 
f ix ed  c e n te r s ,  f ig u re  (11-26), T2 can be  id e n tif ie d  b y
T2 = e11*!
w hich  is  tan tam o u n t to  n o rm a liz in g  a ll  leng th s b y  th e  c e n te r - to -  
c e n te r  d is ta n c e  of the  p a r a l le l  sh a f ts . T h is can  be  done w ithout any 
lo s s  o f g e n e ra l i ty .
D iffe re n tia tio n  of equation  (II-6) w ith  r e s p e c t  to  a  m o tion  
p a r a m e te r  <j>j y ie ld s
Now, su b s titu tin g  eq u a tio n s  (II-9), (11-10), and  (11-11), 
re p e a te d  fo r  con v en ien ce ,
Zx + B = Tz + Z2 e 11 * 2 . (II-6)
Zj ' + B* = T2 * + (Z2 ‘ + i i  4>2 1 Z2 ) e 11 * 2 (II-8)
( II-9)
b 1 = s2 ' -  s x » (11-10)
(11-11)
FIG U RE 11-26. TWO M EM BERS: ROTATING ABOUT FIX ED CENTERS
in
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in to  e q u a tio n  ( I I-8) y ie ld s
ii b ^ 1 e” ^  = i i f o 'Z z  e11 + T2 1 . (11-13)
S ince
T2 = e11^ 1 (11-37)
th e n
T2 ' = i i e 11* 1 . (11-38)
S u b s titu tio n  of eq u atio n  (11-38) in to  eq u a tio n  (11-13) y ie ld s
i i  <j,b * e 11 * b  = i i  e11 *b + i i  Z2 4>2 » e11 . (11-39)
M u ltip ly in g  th ro u g h  by  - i i  y ie ld s
b4>b ' e11<5>b = e11 ^  + Z2 <|,2 » e”  . (11-40)
F o r  th e  e c c e n t r ic  c i r c le  in  p lan e  2
•  •
Z2 = C +  r 2 el l y  (H-41)
w he r e
y  +  4>2 = 4>b +  i t / 2
fo r  c o n ta c t b y  th e  ban d  on th e  s id e  o f the  c i r c le  a s  show n in  F ig u re  
(11-27). T hus
y  = ‘i’b  “ 4*2 +TT/2 . (11-42)
N O TE: SU BSCRIPT B AND T A RE FO R  BOTTOM  AND T O P , 
R E SP E C T IV E L Y .
FIG U R E  11-27. O F F S E T  C IR C L E  IN P L A N E  2
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On the  o th e r  s id e  of th e  b an d  a  d if fe re n t r e la tio n  e x is ts  
y  + <|>2 = <J>b  - ir /2  o r  y  = - <J>2 - ir /2  .
T hus, eq u a tio n  (11-41) can  b e  w r i t te n  as
Z2 = C + i i  r 2 e11 “ * 2 * (11-43)
w ith
n  i i  aC = c e
w h e re  c is  a  p o s it iv e  n u m b e r  th a t  d e p ic ts  th e  e c c e n tr ic i ty , and a  is  
th e  ang le  b e tw een  th e  X2 - a x is  and  the  v e c to r  C,
S u b stu titio n  of e q u a tio n s  (11-42) and (13-43) in to  equation  (11-40)
y ie ld s
(bcf,b ' -  i i  r 2 <j>2 ') e U *b = e "  + c<j>2 • e l i  + a)  . (11-44)
L e ttin g
Z , = e11 +* + c ' e11 + a) (11-45)
th en
(b4>b ' -  i i  r2 4»2 ') e11<5>b = Z 3 . (11-46)
E quating  th e  m odu lus s q u a re d  o f b o th  s id e s
(b $ b ') 2 + ( r2 <1>2 )2 = I Z 3 12 (H-47)
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w h e re
1
| Z3 1 = [ (R eal Z3 )2 + (Im ag Z 3 )2 ] 2 . (11-48)
At th is  p o in t, b  and  eq u a tio n  (11-47), a r e  b o th  unknow n. 
R e a rra n g in g , th e  q u a n tity  b  (Ji^1 can  b e  w r i t te n  a s
Mb'  = ± [ l z 3 f -  (r2 V > * ] *  • (11-49)
Let
q = b<j,,' = ± [ |Z 3 |2 - ( r 2 ,|>2 ')2 ] 2 . (11-50)
T hen , equation  (11-46) can  be  w r i t te n  a s
( q - i i r 2 <J,2 ') e ii(}>b = e11^ 1 + c<j>2 ' e "  ((J>2+ff) = Z3 . (11-51)
S ince  q - i i  r 2 <j>-2 1 is  a  co m p lex  n u m b e r , th e  q u an tity  can  be  
r e p r e s e n te d  by
q - i i  r 2 <J>2 ' = a e™ ^  (11-52)
w h e re  a, a  p o s it iv e  n u m b e r , i s  d e fin ed  by  
a  = [ q2 + ( r2 <}>2 >)2 ] 2 .
T hus
0 = a rc ta n (11-53)
Since 3 an <3 a a r a  now known q u a n titie s , eq u a tio n  (IX—51)
w r i t te n  as
(a e U P) e11 4*  = Z 3
p e r m i ts  (j^ to  be  o b ta in ed  ex p lic itly , th a t is
a ei4 <0 + 4>b! = z3
th en
e« 0  + <W = z3 /a
o r
3 + = a rc ta n  (Im ag Z 3 /R e a l  Z3 ) . (11-54)
T hus <J) |3  i s  g iv en  by
/ Im ag  Z 3 \ / _ r 2 cj)2 ’ \
j,b - « c t a n ^ R e a l z J  - a rc ta n  )  • (H-55)
Now can  be ob ta in ed  by d iffe re n tia tio n  of eq u a tio n  (11-55)
<i>b' = ( IZ3 | 2 )_1 [R e a l  Z 3 Im ag Z 3 1 - Im ag  Z 3 R e a l Z 3 1
+  r 2 ( q +2 4>2 1 q ' )  1 • ( 1 1 - 5 6 )
Z3 ’ is  e a s i ly  o b ta in ed  by  d if fe re n tia tio n  of eq u a tio n  (11-46) w hich  
y ie ld s
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Z2 1 = i i  e11 <t>* + c [ i i  (+2 -)2 + + 2 " ]  e11 **» + a)  . ( I I -57)
T hus, s in ce  <j>b ' is  defined  and f ro m  equation  (11-50)
q = M b '
b is  ob ta ined  as
b = q/(j)b ' .
W ith th e  above, Zj can  be so lved  fo r  e x p lic ity . A fte r  s u b s ti tu ­
tio n  of th e  above q u a n titie s  and re a r ra n g e m e n t,  Zj is  g iven  by
Z, = { ( V  - 1) e114’1 + c (* t' - ♦ , ■ )  eU (4>2 + a )
+ i i  [ r 2 (<j>b ' - <>2 ') e U<f,b ] }  /4>b ' . (11-58)
At th is  po in t, i t  shou ld  be  e m p h a s ize d  th a t th e  v a lu e  of q, 
eq u a tio n  (11-50), is  double valued , w hich m ean s  sp e c if ic a lly , th a t 
th e r e  a r e  two d is t in c t  v a lu e s  of Zj fo r  each  v a lu e  of <J)b . F ig u re  
(11-28) i l lu s t r a te s  a  m ec h an ism  of th is  n a tu re . A c tu a lly , th is  
m e c h a n ism  is  o v e r  c o n s tra in e d  and r e p re s e n ts  two s e p a ra te  so lu ­
tio n s  to  the  c o n s tra in t  eq u a tio n s . It shou ld  b e  n o ted  th a t fo r  a 
p o s it iv e  q one p ro f i le  is  g e n e ra te d  and fo r  a n e g a tiv e  q a  seco n d  
p ro f i le  is  g e n e ra te d . The p o in t to  be  m ad e  is  th a t  the  s ig n  of q does 
no t " f lip - f lo p "  as the  p ro f i le s  a r e  g e n e ra te d .
BAND 1 P R O FIL E  2
P R O F IL E  2
BAND 2
FIG URE 11-28. TY PICA L REPRESEN TA TIO N  OF TWO BANDS 
FO R ONE P R O FIL E  2
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A gain, ju s t  b e c a u s e  a  s e r i e s  o f p o in ts  can  b e  found th a t s a t i s ­
fy th e  c o n s tr a in t  e q u a tio n  does n o t e n s u re  a  w o rk a b le  m e c h a n ism .
In g e n e ra l ,  i t  i s  n e c e s s a r y  to  e n s u re  th a t  th e  co n d itio n  o f a  c lo s in g  
convex  c u rv e  jo in in g  th e  end p o in ts  of a s e c tio n  o r  se g m e n t o f Zj 
is  a d h e re d  to  an d  th a t th is  c u rv e  does no t c ro s s  the  band  o r  en c lo se  
Z2 i s  any  p o s itio n . See S ec tio n  B . T h e re  a r e  so m e  te s ts  th a t can 
be  d e s c r ib e d  and  te s te d  a n a ly tic a lly  and p ro v id e  so m e  in s ig h t a s to  
w h e th e r  th e s e  m e c h a n ism s  a r e  fe a s ib le . T h ese  t e s ts  a r e  th e  sa rhe  
a s  th o se  d e s c r ib e d  in  S ec tio n  B and a r e  (1) th e  c u rv a tu re  to  e n su re  
th a t  it  does no t change  s ig n  and (2) tjj-jj' to  e n su re  th a t i t  does n o t go 
to  z e r o .
To d e s c r ib e  th e s e  r e s t r i c t io n s  a n a ly tic a lly , f i r s t ,  th e  c u rv a ­
t u r e
d<j>b _ _1_
d s j  ~ Pl
can  change s ig n  bu t once, and  .then only w ith  no jum p in  Zx . To 
d e te rm in e  th e  c u rv a tu re ,  eq u a tio n  (11-11)
IlZ, ' = s, ' e
can  be  w r it te n , u s in g  th e  c h a in  ru le  o f d if fe re n tia tio n , as
^ s l . . i i  d>i
z , '  -  a + ir  4 V *
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o r
ds! Z, 1 e ^ 1_ _  = . ■ ■ ■ . (11-59)
d<j>b ‘I’b
Now Zj m u s t  b e  o b ta in ed . D iffe re n tia tio n  of eq u atio n  (11-52) y ie ld s  
Z , ' = i i  [<|,b ' (+b ' .  1) e 11 ♦* + c + b ' {<)>b ' -4.z ' ) 4>2 ' e i iH > 2  + a)
+ r2 4>b ' ( V - ' l > 2 ,>eU ',,b - r2 'i>b"M>b, -'l>2 ,> eU H  
+ [ V  *b" + c<H>’ <<l>b" S i  ”> <=”  <+ 2 +
- (4>b’ ) 2 fJ <<l>b’ -  <t>2 ') oH - +b "(+b ' - 1 ) e U 4 ,1
- V  <=(<t>b' - ♦* '> eU('l’J + Q,>] / l + b 1' 2 • <n - 60 '
E q u a tio n  (11-60) h a s  in tro d u c e d  <J>b-M in*° *he a n a ly s is .  D if fe re n tia ­
tio n  of eq u a tio n  (EC-55), fo r  (jj^" y ie ld s
V  = | | Z 3 | 3 [ R e a l Z 3 l m a g Z 3 . . . I m a g z 3 R e a l Z3. .
+ r 2 (q 4>2 - (j52 ’ q")J - j^Real Z3 Im ag Z 3'
- Im ag  Z 3 R ea l Z3 1 + r 2 (q §z " - <j>2 ' q ')J
| 2 (R eal Z 3 R ea l Z 3 1 + Im ag  Z 3 Im ag Z 3 ')
) / | Z ’ |2,
Now Z 3 ", q ' , and  q "  m u s t be  o b ta in ed . F o r  Z 3 ", equ a tio n  
(11-57) is  d if fe re n t ia te d  and y ie ld s
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Z3 " = c[<t,2 »’* - (4,2 »)3 + ii3<f»z » <|,2 »'] eii(c|>2 + a)  - e * * 1
(11-62)
F o r  q 1, re c a l l in g  f ro m  eq u a tio n  (13-50)
q = b<j)b '
o r
q = ±[!ZSI2- ( v z f o ' f V (11-63)
th e n
R e a l Z 3 R e a l Z 3 ' + Im ag  Z 3 Im ag  Z 3 1 - r 22 <|>2 1 (|>2 "
(11-64)
and  su b se q u e n tly , d if fe re n tia tio n  of eq u a tio n  (11-64) p ro v id e s  q M
|  q  j l le a l  Z3 R ea l Z 3 " + R e a l Z 3 ! K eal Z 3 ’
+ Im ag  Z3 Im ag  Z 3 M + Im ag  Z3 ' Im ag  Z3 '
-  r 2 2 [ 4*2 ' $ 2  " + (<h") ■ J -  [ (  R e a l Z 3 R e a l Z 3 1 
+ Im ag Z 3 Im ag  Z3 ' - r 22 <j>2 ' 4>2
X ^R eal Z3 R e a l Z 3 ' + Im ag  Z3 Im ag Z3 1
-  r22 ‘h ' + z " )  (11-65)
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T he  s ig n  conven tion  to  b e  u se d  in  e q u a tio n s  (11-64) and (11-65) i s  co n ­
s i s te n t  w ith  th e  p re v io u s  conven tion  fo r  q; a  p o s itiv e  q y ie ld s  one 
p ro f i le  and  p ro v id e s  fo r  a  check  on the  c u rv a tu re  of th a t  p ro f ile  u s in g  
q ’ and  q M fro m  p o s itiv e  q. A second  p ro f i le  is  g e n e ra te d  w ith  a 
n e g a tiv e  q. By o b se rv a tio n  of e q u a tio n s  (11-64) and (11-65), it  is  se e n  
th a t  fo r  the  n e g a tiv e  cho ice  of q, we have  fo r  q 1
w h e re  the  s u b s c r ip ts  r e p r e s e n t  th e  cho ice  of q, p o s it iv e  o r  n e g a tiv e .
By su b s titu tio n  of eq u atio n s (11-62), (11-63), (11-64), and  
(11-65) in to  eq u a tio n  (11—61) and  su b seq u en tly  su b s titu tio n  of equation  
(11-61) in to  eq u a tio n  (11-59), th e  c u rv a tu re  of can  b e  d e te rm in e d . 
The c u rv a tu re , a  r e a l  n u m b er, is  thus g iven  by the  re c ip ro c a l  of 
th e  r e a l  p a r t  of equation  (11-59), th a t  is
T hus th e  eq u a tio n s fo r  the  e c c e n tr ic  c i r c le  have  b e e n  d e riv e d  
a long  w ith  a n a ly tic a l  d e sc r ip tio n s  to  e n su re  a w o rk ab le  m e c h a n ism .
q
and fo r  q"
(11- 66)
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T h e se  eq u a tio n s  have  b e e n  p ro g ra m m e d  fo r  u se  on a  d ig ita l c o m p u te r 
and  a  l is tin g  of the  p ro g ra m  is  in c lu d ed  in  th e  A ppendix, F low  C h a rts  
and  C o m p u te r P r o g r a m s .
D. EX A M PLES
To i l lu s t r a te  the u se  o f th e  p re v io u s ly  d e riv e d  eq u atio n s , the  
fo llow ing  ex am p le s  a re  p re s e n te d . T hese  ex am p le s  m ake  u se  o f the 
c o m p u te r  p ro g ra m s  th a t in c o rp o ra te  th e se  equations and th a t a re  
in c lu d e d  in  the  A ppendix . B a s ic a lly , th e se  ex am p les i l lu s t r a te  the  
a p p lic a tio n  of band  m e c h a n ism s  fo r  function  g e n e ra tio n . F ig u re  
(1 1- 2 9 ) d e p ic ts  a  m e c h a n ism  w ith  two m e m b e rs  ro ta tin g  about fixed 
c e n te r s ,  w hich  g e n e ra lly  w ould  be  th e  c a s e . H ow ever, a  m ec h an ism  
c o n s is te n t  w ith  th e  d ev e lo p m en ts  g iven  h e re  is  show n in  F ig u re  
(11-30) w h e re  one of the  ro ta tin g  m e m b e rs  is  fixed  and a s im p le  
in v e r s io n  i s  a p p lied . If in  th e  c o n fig u ra tio n  r e p re s e n te d  by F ig u re  
(11-29)
02 = F ( 0X) 
th en , f ro m  F ig u re  (11-20)
= -©I
<j>2 = ©2 “ 02 _ F ( -$ i  ) + <|>i
P R O FIL E  2P R O F IL E  1
FIG URE 11-29. TWO M EM BERS ROTATING ABOUT FIX ED  CENTERS
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£  Y
FIG U R E  11-30. R E PR E SE N T A T IO N  OF MECHANISM USED 
FO R  ANALYSIS
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o r
<|>2 = G((j>! ) •
W ith th is  concep t in  m ind , th e  follow ing ex am p le s  a re  p re s e n te d .
A s a check  on th e  a c c u ra c y  o f th e  co m p u te r  p ro g ra m s , the  
f i r s t  ex am p le , p re v io u s ly  p u b lish ed  by  M cF h a te  (1), w as u se d  as a 
t e s t  c a se  fo r  bo th  the  g e n e ra l  and e c c e n tr ic  c i r c le  p ro g ra m s . 
M e m b e r  2 is  c o n s id e re d  to  be  a  c i r c u la r  d isk .
E X A M P L E  1
C o n s id e r  th e  follow ing function
02 = - 1 ( 0 0 3  0! - 1) O < 0 j <  |  .
P e r fo rm in g  the  in v e rs io n  y ie ld s
©I = - 4,1 o
02 = - 2 [ co s (“fo ) ■ 1 1
Since
<j)2 = 0 2 - 0 1  =  F (-<j>! ) +  <j>!
th en
j  [ cos  (H5! ) - 1 3 + 4*1
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F o r  th e  g e n e ra l  c a s e ,  i t  i s  n e c e s s a r y  th a t d e r iv a tiv e s  th ro u g h  <j>2 and  
T2 e x is t .  F u r th e r ,  th e  d e s c r ip t io n  o f Z2 is  r e q u ire d . S ince i t  h a s  
b e e n  s ta te d  e a r l i e r  th a t  m e m b e r  2  w ill b e  a  c i r c u la r  d isk , ro ta tin g  
e i th e r  abou t i ts  c e n te r  o r  about a  p o in t o th e r  th an  th e  c e n te r , th e n  
Z2 can  be  d e s c r ib e d  a s
7  iio; . . .  i i  fob - <j>2 )Z 2 = c e + 11  r 2 e T
w h e re
c - r e p r e s e n ts  the  o ffse t
a - r e p r e s e n ts  th e  ang le  a t w hich  th e  o ffse t  l ie s  r e la tiv e  
to  th e  x2 - a x is .
Thus Z 2 is  d e s c r ib e d  in  p lan e  2.
F r o m  th e  a n a ly s is  in  th e  body o f th is  c h a p te r , th e  p o s itiv e  
d ir e c t io n  of the  b a n d  w as c h o sen  a s  going f ro m  m e m b e r  1 to  m e m ­
b e r  2 . S ince
- | s * i £  0
th en  th e  r a d iu s  of c u rv a tu re ,  r 2 , (see  the  equ atio n  fo r Z 3 ) w hich  
m u s t  be  p ro v id e d  to  th e  p ro g ra m , is  defined  by
d s 2
P2 = d («|>b - fe  )
and is  a  n e g a tiv e  q u a n tity .
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F o r  two d is t in c t  b an d s, Z 2 and p2 m u s t be c a re fu lly  d e sc r ib e d  
fo r  e ac h  a s  is  show n below .
F o r  th is  exam p le , the  o ffse t, c, h a s  b e en  chosen  as z e ro ,
thus
Z 2 = i i  r 2 e 11  ’
w h e re  fo r  one b an d  (top)
P = -*?. 
and  fo r  the  o th e r  band , d is tin c t,
P = r 2
and
Z 2 = - i l  r 2 .
U sing  T in  i ts  n o rm a liz e d  fo rm  
T = e * * '
and th e  o r ie n ta tio n  of p lane  2 , (j) 2 , b e in g  defined , the  p ro f ile  of 
m e m b e r  2 can  be  defined  by  i ts  tan g en t p o in ts . O bviously , the 
d e r iv a tiv e s  of T2 and <j) 2 e x is t .
C hoosing r 2 = 0 .2 5 , th e  p ro f i le  of Zj can  b e  ob ta in ed  th a t 
p ro v id e s  the  func tiona l r e la tio n  d e s ir e d  b e tw een  th e  two p ro f i le s .  
B oth p ro g ra m s  y ie ld ed  th e  sa m e  m e c h a n ism  a s  p re v io u s ly  ob ta in ed  
by  M c P h a te .
F ig u re  (11-31) i l lu s t r a te s  the  p ro f i le s  o b ta in ed . An output 
l is t in g  of the  o ffse t c ir c le  p ro g ra m  is  p ro v id e d  in  the  A ppendix.
E X A M PLE 2
C o n s id e r  the  follow ing n u m e r ic a l  exam p le
0  < 0 ! < it .
L et
T e ii
M aking  th e  in v e rs io n
<l>i = - 9 i
th en
F o r  r 2 = 0 .2 5 , f ig u re  (11-32) i l lu s t r a te s  th e  m e c h a n ism  o b ta in ed .
A l is t in g  of th e  output fo r  th is  ex am p le  is  p ro v id e d  w ith  th e  
g e n e ra l  p ro g ra m  lis t in g  in  th e  A ppendix .
0 .4
- 0 . 2
M EM BER 2M EM BER 1
- 0 .4
- 0 . 6
0 .6  - 0 .4  -0o 2- 0 . 8 0 . 60 . 20 . 0 0 .4 1 . 2 1 .40 . 8 1 . 0
FIG URE U -31 . BAND MECHANISM PR O FIL E S FO R COSINE FUNCTION
O'
M EM BER 1
M EM BER 2
0 . 2
- 0 .4
- 0 . 6
- 0 . 2- 0 .4 0.60 . 2 0 .40 . 0 0 . 8 1 . 0 1 . 2 1 .4
FIG U RE 11-32. BAND MECHANISM PR O FIL E S FO R CUBIC SYSTEM
78
It is  w o rth y  to  note th a t th e  e c c e n tr ic  c ir c le  p ro g ra m  w as 
w r i t te n  su ch  th a t  i f  a p a r t ic u la r  inpu t did  no t p ro v id e  th e  e n tire  ran g e  
of m o tio n , th e  ra d iu s  could  be  re d u c e d  in c re m e n tly  down to  a  v a lu e ,
0. 05, u se d  in  th is  p ro g ra m , bu t w hich can b e  changed  to  any v a lu e , 
in  s e a r c h  o f a  so lu tio n . T h is v a r ia b le  is  c o n tro lle d  b y  th e  inpu t 
R ED  as  in d ic a te d  in  the  n o m e n c la tu re  of th e  e c c e n tr ic  c i r c le  d ig ita l 
c o m p u te r  p ro g ra m . T his c o n tro l, h o w ev er, w ill  no t a b so lu te ly  
p ro v id e  a  w o rk a b le  m e c h a n ism . A c u rs o ry  look  a t th e  p lo ts  of su ch  
ou tpu t w ill in d ic a te  w h e th e r th e  p ro f i le s  in te r f e r e  w ith  one a n o th e r .
A t th e  p r e s e n t  t im e , th is  r e s t r ic t io n  m u s t b e  so lv ed  by  t r i a l  and 
e r r o r .
E x am p le s  a re  w o rk ed  in  o th e r  s e c tio n s  o f th is  r e p o r t  th a t 
i l l u s t r a te  th e  e c c e n tr ic i ty  p ro g ra m . In E x am p le  2 i t  is  n e c e s s a ry  
to  a x ia lly  o ffse t th e  p ro f i le s  to  a lle v ia te  in te r f e r e n c e .
C H A PT E R  m
VELOCITY CAMS
U ntil now, the  e x am p le s  p re s e n te d  have  b e e n  i l lu s t r a te d  w ith  
r e s t r i c te d  ra n g e s  of m o tio n . R e fe re n c e  (7), w hich  r e fe re n c e s  (1), 
s ta te s  th a t th e  m e c h a n ism s  of th is  type  a re  a p p lic a b le  in  s itu a tio n s  
r e q u ir in g  s e v e re ly  l im ite d  output d is p la c e m e n ts . R a th e r  th an  b e la b o r  
th is  p o in t, i t  is  a p p ro p r ia te  to  s ta te  th a t  th e  g e n e ra l  d e r iv a tio n s  of 
th e  e q u a tio n s  does n o t e x p lic itly  s ta te  th a t  th e  ra n g e  o f m o tio n  is  
r e s t r i c te d .  In  any c a se , th e  p u rp o se  of th is  c h a p te r  is  to  
i l l u s t r a te  by  e x a m p le s  th a t th e  m e th o d s  of C h a p te r  II a re  th e o r e t i ­
c a lly  a p p lica b le  to  so m e  c y c lic a l m o tio n  a s  w e ll as to  w hat is  
r e f e r r e d  to  as r e s t r i c te d  m o tio n . To h a v e  m o re  b a s i s  th an  m e r e ly  
an a ca d e m ic  e x e rc is e ,  i t  i s  m ean in g fu l to  su g g e s t a p o s s ib le  a p p li­
ca tio n , i .  e . , a  t im e  v a ry in g  c o n v ey o r type  s y s te m  in  w hich the 
v e lo c ity  of the  sy s te m  is  r e q u ir e d  to  p eak  to  a c e r ta in  v e lo c ity  and 
r e tu r n  to  i ts  o r ig in a l v e lo c ity  a t the  c o m p le tio n  of a c y c le . T h is 
m e c h a n ism , v a ry in g  v e lo c ity , w ill b e  r e f e r r e d  to  a s  a v e lo c ity  c am .
F i r s t ,  a s  a  s im p le  ex am p le  to  i l l u s t r a te  th a t  th e  a n a ly s is  
c an  be  ex ten d ed  to  so m e  c y c lic a l  m o tion , c o n s id e r  th e  c a s e  o f a
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l in e a r  s y s te m  in  w hich  bo th  m e m b e rs  a r e  c i r c u la r  d isk s  ro ta tin g  
abou t th e i r  re s p e c t iv e  c e n te r s ,  th us re la te d  by
02 = ± k 0 , . ( i n - i )
If k  is  ch o sen  to  be  1 ,0 , and r 2 is  a s su m e d  to  b e  1 /4 , th e  m e c h a ­
n ism  along w ith  i ts  d isp la c e m e n t and v e lo c ity  c u rv e s  a re  show n in  
F ig u re s  ( I I I - l) , (III-2), and (III-3), r e s p e c t iv e ly .
A t th is  po in t, a w ord  of cau tio n  m ay  b e  in  o r d e r .  S ince an 
in v e r s io n  w as ap p lied  to  th e  a n a ly s is , C h a p te r  II ex am p le s , i t  
b e c o m e s  n e c e s s a r y  to  p lac e  th e  sy s te m  b ack  in to  i ts  in e r t ia l  sy s te m  
in  o r d e r  th a t th e  r e s u l ts  m ay  be p ro p e r ly  in te rp re te d .  F o r  in s ta n c e , 
s in c e  (jj  ̂ and cj>2 w e re  ob ta in ed  by  a p p lic a tio n  of th e  in v e rs io n  te c h ­
n iq u e , th en
02 = 4*2 ~ $1 (III-2)
w h e re  th e  s u p e r s c r ip t  I r e f e r s  to  th e  in e r t ia l  s y s te m . If equation  
(III-2) is  d if fe re n tia te d  th en  one o b ta in s  fo r  ( 0 2  ')*
d Q il  M 2 . _ 1 (IH-3)
M l M l
Since
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th e n
( i n - 5)
th u s
( i n - 6 )
and the  change in  0 2 w ith  r e s p e c t  to  0 j , in  th e  in e r t ia l  re fe re n c e  
is  o b ta in ed .
S im ila r ly  fo r  the  seco n d  d e r iv a tiv e  of
T hus th e  sy s te m  is  now d e sc r ib a b le  in  i ts  in e r t ia l  r e f e re n c e .
Now th a t  the  in e r t ia l  r e f e re n c e s  have  b e en  defined , it  is  
a p p ro p r ia te  to  p ro c e e d  to  m o re  ex am p les  to  e s ta b l is h  th a t th e  a n a ly ­
s is  is  indeed  a p p lica b le  to o th e r  c y c lic a l m o tio n . C o n sid e r 
now one le v e l  o f d ifficu lty  g r e a te r  th an  th e  p re v io u s  ex am p le ; th a t 
is , by  in tro d u c in g  a  n o n lin e a r ity  to  two c i r c u la r  d is k s . F o r  e x am ­
p le , if  a l l  is  h e ld  c o n s tan t ex cep t th a t  k = l .  0  and  th e  d isk  of m e m b e r 
2  is  ro ta tin g  abou t a  po in t o th e r  th an  i t s  c e n te r ,  a  n o n lin e a r ity  h as
(m -7 )
o r
( i n - 8)
b e en  in tro d u c e d . It i s  d e s i r e d  to  define  a  p ro f ile  1 th a t  p ro v id e s  a 
c o n s tan t v e lo c ity  p ro f i le  a s  in  the  p re v io u s  e x am p le . If the  o ffse t 
is  chosen  is  1 /10 , th en  F ig u re s  (III-4), (IH -5), and (III-6 ) show  the 
r e s u l ts  o f th e  a n a ly s is .
Now, c o n s id e r  a c a s e  in  w hich m e m b e r  2 i s  again  an o ffse t 
c i r c u la r  d isk  of r a d i i  1 /1 0 . R a th e r  th an  to  t r y  and d esig n  to  a 
sp e c if ic  a p p lica tio n , c o n s id e r  a fu n c tio n a l re la tio n sh ip  d e s ir e d  and 
a tte m p t to  d e s ig n  the  c o n to u r of m e m b e r  1 to  p ro v id e  th is  functional 
r e la t io n s h ip . F o r  ex am p le , w ith  an o ffse t 1 X 10“ 4  fo r  m e m b e r  2, 
i t  is  d e s i r e d  th a t  m e m b e r  1 s a t is fy  the follow ing re la t io n
e2 .  9 , + 4 ( - ^ ) 2 - 4 ( S i . ) , + ( a - ) 4 . (In-9)
F o r  th is  re la tio n sh ip  to  m e e t the  v e lo c ity  c am  re q u ire m e n ts , th e  end 
v e lo c itie s  m u s t m a tch ; th a t  i s ,  o v e r  a  cy c le  th e  v e lo c it ie s  a t the  
beg inn ing  and  th e  end m u s t be  eq u a l. It can  be e a s ily  checked  to 
se e  if  th is  fu n c tio n  m e e ts  th e  c r i te r io n  by d iffe re n tia tin g  equation  
(III—9) - T hus, one o b ta in s
02 ' = 1 + “  ( — ) “ —  ( — ) 2 + ~  ( — ) 3 . ( I l l - 10)
IT \  TT /  TV \  IT /  IT \  TT /
I t  can  be  e a s i ly  show n th a t  th e  d isp la c e m e n t is  a  m ono- 
to n ic a lly  in c re a s in g  function ; th e  v e lo c ity  p e ak s  to  a  m ax im um  
v a lu e  and d ro p s  to  a  m in im u m  v a lu e  b e fo re  re tu rn in g  to  i ts  o r ig in a l 
v a lu e  o v e r  one c o m p le te  c y c le , 0 < 0j < 2ir . D iffe re n tia tio n  of 
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T his exam p le  i l lu s t r a te s  a s itu a tio n  th a t m igh t be  e n co u n te re d  
in  the  even t th a t a p ro c e s s  is  d e s ire d  in  w hich  a p eak  v e lo c ity  is  
n e ed e d  fo llow ed by a d ec lin e  to  som e m in im u m  value  in  o r d e r  to  
m e e t  the  end re q u ire m e n t of m atch in g  v e lo c itie s  and  o v e r  a l l  a v e ra g e  
v e lo c it ie s .
U sing the  in v e rs io n  p ro c e d u re  i l lu s t r a te d  in  C h a p te r  II,
then
<h = -0 j
$ 2 '
<j>2 " = i ? [ 2  + 6 ( ^ )  + 3 ( ^ )
( I I I -11)
and
24+2" = zsr 1 +
Now, by u se  of the  o ffse t c ir c le  d ig ita l c o m p u te r  p ro g ra m , 
l i s te d  in the  A ppendix, by  w hich  the  d a ta  fo r  the  p re v io u s  e x am p le s  
w e re  a lso  ob ta ined , F ig u re s  (III-7), (III- 8 ), (III-9), and ( I I I -10) 
i l l u s t r a te  th e  m e c h a n ism  and i ts  d isp la c e m e n t, v e lo c ity , and a c c e l ­
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T hus, i t  a p p e a rs  a c c u ra te  to  s ta te  th a t  th is  m ethod  of a n a ly ­
s is  does have c e r ta in  r e s t r ic t io n s ;  how ever, th ey  a re  no t so  s e v e re  
th a t, a s  show n in  th is  c h a p te r , th ey  cannot he  ap p lied  to  a  c y lic a l 
c a s e . T h e ir  r e s t r ic t io n s  depend on the  d e s i r e d  output and  the  
fu n c tio n a l re la tio n sh ip  b e tw een  0 2 and 0 X .
C H A PTER  IV 
ER R O R  ANALYSIS
It w as e a r l i e r  in d ic a te d  th a t the  ban d  m e c h a n ism  is  very- 
a c c u ra te  th e o re tic a l ly  o v e r  i ts  e n ti r e  ran g e  of o p e ra tio n . To m an u ­
fa c tu re  su ch  a m e c h a n ism , h o w ev er, w ould undoub tab ly  y ie ld  som e 
e r r o r  a s  a r e s u l t  of the  m ach in in g  tech n iq u e  u se d . T h is .m ay  be  a 
p re d o m in a n t fa c to r  in  p ro f i le s  m ac h in e d  b y  n u m e r ic a l  c o n tro lle d  
m illin g  m a c h in e s  r a th e r  th an  fo r p ro f i le s  m a n u fa c tu re d  by  la th e s ,
i . e . ,  c i r c u la r  d isk s . A n o th e r s itu a tio n  o th e r  th a n  m ach in in g  e r r o r s  
th a t  m ay  fa ll  in to  th is  c a te g o ry  is  th e  c a se  w h e re  m e m b e r  2  is  
de fin ed  b y  a  s e r i e s  of p o in ts  r a th e r  th an  a sm o o th  p ro f i le  (the 
sm o o th  p ro f i le s  have  b e en  the  only  c a s e s  c o n s id e re d  thus fa r ) .
S ince th e  su r fa c e  g e o m e try  and f in ish  v a r ie s  a c c o rd in g  
th e  m ethod  of o p e ra tio n  u se d  to  m ac h in e  th e  m a te r ia l ,  it  a p p e a rs  
re a so n a b le  to  a ssu m e  th a t  i f  a  p r e c is e  p ro f i le  is  to  be  m ach in ed , 
say , w ith  a n u m e r ic a lly  c o n tro lle d  m illin g  m ac h in e , th a t th e  p ro f ile  
can  be  k ep t w ith in  a ±0. 001 inch  to le ra n c e . T h is i s  b a s e d  on the  
fa c t  th a t  th e re  a re  c o m m e rc ia l ly  a v a ila b le  n u m e r ic a l ly  co n tro lle d  
m ill in g  m a c h in e s  th a t  p ro v id e  a  s te p  of cu t o f 0 . 0 0 1  in ch , in bo th  
x  and  y d ire c tio n s  as w e ll a s  a  4 5 -d e g re e  cu t a long  th e  d iagona l.
P o lish in g  and o th e r  f in ish in g  te c h n iq u e s  w ould undoubtab ly  
sm o o th  out m an y  of th e  s u r fa c e  im p e r fe c tio n s .  W ith th is  r a th e r  
b ro a d  in tro d u c tio n  to  th e  p ro b le m , th e  fo llow ing a n a ly s is  p ro v id e s  
a  c u r s o ry  look  a t  one m eth o d  to  a p p ro x im a te  and  e v a lu a te  th e  e r r o r  
in tro d u c e d  by  m a n u fa c tu r in g . The m ag n itu d e  o f th e  e r r o r  i s  d e te r ­
m in ed  by co m p arin g  the  output g e n e ra te d  by  a p p ro x im a te d  p ro f i le s  
to  the  ou tpu t g e n e ra te d  by  th e  th e o re t ic a l  m e m b e r . The th e o re t ic a l  . 
m e m b e rs  u se d  h e re in  a r e  th o se  i l lu s t r a te d  in  th e  e x am p le s  of 
C h a p te r  II.
C o n s id e r  F ig u re  (IV -1). If  i t  is  a s s u m e d  th a t  th e  p o in ts  a re  
th e  r e s u l t  of m ach in in g  in a c c u ra c ie s ,  i t  b e c o m e s  a p p a re n t a t once 
th a t  th e  band  w ill no t n e c e s s a r i ly  w ra p  onto a l l  p o in ts , i .  e . , the  
p o in ts  m a y  l ie  b o th  above and  b e lo w  th e  c o n to u rs  of th e  th e o re t ic a l  
m e m b e r .  T hus, in  o rd e r  to  o b ta in  th e  e r r o r  in d u ced  by  th e se  
in a c c u r a c ie s ,  an  a lg o r i th m  fo r  a  s in g le  b an d  t r a n s m is s io n  w ith  
m e m b e r  2  b e in g  th e  d r iv e n  m e m b e r  w as dev e lo p ed  to  t r y  and o b ta in  
a  r e la t iv e  o r d e r  o f m ag n itu d e  of th e  e r r o r .
The a lg o r ith m  a s s u m e s  a  s t r a ig h t  lin e  c o n to u r b e tw een  the  
p o in ts , and  p o in ts  th a t  do no t m a in ta in  the  c o r r e c t  co n to u r convex ity  
a r e  d e le te d  and  a p p ro p r ia te  re n u m b e r in g  of th e  p o in ts  is  m a d e . It 
i s  a ls o  a s s u m e d  th a t  th e  f i r s t  p o in t (x! , y i ) l ie s  on th e  t r u e  c u rv e .
T H EO R ETIC A L 
C O N TO U R  '
i + 1 i  + 2
i+3 o
FIG U R E  I V - 1. R E PR E SE N T A T IO N  O F P R O F IL E  USED FO R 
A PPRO X IM A TIN G  M ANUFACTURING 
ERRORS
To d e te rm in e  if  su b seq u en t p o in ts  (x{r yj), i = 2, n  a re  
"good" p o in ts , i . e . ,  th e  p o in ts  lo c a te d  such  th a t as th e  band  u n w rap s , 
e ach  p o in t m a in ta in s  co n tac t w ith  the  band , th e  follow ing a lg o r ith m  
w as fo rm u la te d  and u se d .
F i r s t ,  F ig u re  (IV -2), th e  angle b e tw een  p o in ts  1 and 2 is  
o b ta in ed  f ro m
If a i  is  d e fin ed  by
and i f  e ach  i s  c o m p a re d  w ith  a?i, i t  is  th e n  p o ss ib le  to  d e te rm in e  
w hich  p o in ts  m e e t the  c r i t e r i a  s e t  fo r th  e a r l ie r ,  i .  e . , ob tain ing  th e  
p o in ts  th a t  m a in ta in  th e  p ro p e r  convexity  of the  co n to u r.
C o m p arin g  a \  w ith  ai in d ic a te s  th a t i f
o?i <  Q?i
th e  p o in ts  a r e  s a t is f a c to ry .  If
> cti
th e  i+1 p o in t is  th e  n ex t fe a s ib le  po in t, F ig u re  (IV -3), and  p o in ts  2 
th ro u g h  i  a r e  in fe a s ib le  and d e le te d  f ro m  the a n a ly s is .
Xj
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FIG U RE IV -3 . CONTOUR WITH AN IN FEA SIB LE PO INT
A s p o in ts  a r e  d e le te d  b y  th e  above m eth o d , the  a lg o rith m  
p ro p e r ly  re n u m b e rs  fe a s ib le  p o in ts , i .  e . , i f  p o in ts  2  th rough  i  a re  
d e le te d , th e n  th e  i + 1  po in t is  now  p o in t 2  and  the  i + 2  po in t, if  
fe a s ib le , is  now p o in t 3, e tc . T hus th e  n u m b e r of p o in ts  in  the  
a n a ly s is  i s  now  th e  n u m b e r of o r ig in a l  p o in ts  le s s  the  n u m b er of 
d e le te d  p o in ts .
The above p ro c e d u re  i s  con tinued  th ro u g h  th e  to ta l n u m b er 
of p o in ts , check ing  e ach  of th e s e  p o in ts  fo r  fe a s ib ili ty  and re n u m b e r ­
ing  i f  n e c e s s a ry .  P o in t 2 is  th en  u se d  a s  th e  s ta r tin g  po in t, th a t is
= a rc ta n  
2  \  x 3 "  x 2 /
an d  fo llow ing  th e  sa m e  p ro c e d u re  a s  d is c u s s e d  above, th e  rem a in in g  
p o in ts  a r e  a g a in  ch eck ed  fo r  fe a s ib ili ty , a i r e p r e s e n ts  the  tan g en t 
ang le  of th e  s ta r t in g  p o in t o f the  second  i te ra t io n , e tc .
T he p ro c e d u re  co n tin u es th ro u g h  np - 2 i te ra t io n s ,  a t w hich 
t im e  th e  p o in ts  d eem ed  fe a s ib le  fo r  f u r th e r  a n a ly s is  have b een  
d e fin ed .
C o rre sp o n d in g  to  e ac h  of th e s e  " s e le c te d "  p o in ts  is  som e 
b a n d le n g th . T h at is ,  fo r  th e  f i r s t  po in t, w hich  is  a ssu m e d  to  be 
on th e  c u rv e , th e  m e c h a n ism  is  a s su m e d  to  b e  in  i t s  in i t ia l  p o s itio n . 
A s th e  m e c h a n ism  is  c ra n k e d  th ro u g h  i ts  ra n g e  of m otion , th e  band  
w ra p s  onto  th e  c o n to u r o f m e m b e r  1. S ince a  l in e a r  a p p ro x im atio n  
is  a s s u m e d  to  e x is t  b e tw ee n  th e  p o in ts , i t  is  n e c e s s a r y  to  define
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w h e re  the  p o in t o f tan g en cy  of the  band  to  the  con tou r l ie s .  T his 
a lg o r i th m  p la c e s  th e  tan g e n t p o in t on p o in t i, F ig u re  (IV -4), w ith  a  
v a lu e  of a p  as p re v io u s ly  defined , i .  e . , th e  band  l ie s  on p o in ts  i 
and  i + 1  w ith  a  v a lu e  of
The value  of th e  tan g e n t is  no t changed  u n til  the  p ro f i le  ro ta te s  such  
th a t  the  band  l ie s  on th e  i+1 and  i+2 p o in ts . The value  of the  tangen t 
is  th en  r e p re s e n te d  by
e tc . T hus, c o rre sp o n d in g  to  a  po in t, (xp yj), th e re  c o rre sp o n d s  
a  tan g e n t , , and a  c o rre sp o n d in g  len g th  of band  w rap p ed  on the
C 3 J .C
co n to u r of m e m b e r  1. I t shou ld  be  s ta te d  th a t fo r  th is  type  of an a ly t­
ic a l  a n a ly s is  th a t  i t  w as a s su m e d  th a t  th e  th e o re tic a l  band  cou ld  be 
p la c e d  in  i t s  p ro p e r  o r ie n ta tio n  in it ia lly ; th u s the  p o in ts , bandlength , 
and  ta n g e n ts , a r e  known fo r  th is  h y p o th eo tica l c a s e . It is  now 
p o s s ib le  to  p ro c e e d  to  th e  a lg o r ith m  u se d  in  g e n e ra tin g  th e  s t r u c ­
tu r a l  e r r o r .
A s p re v io u s ly  m en tioned , fo r  th is  a n a ly s is , i t  is  a ssu m e d  
th a t  m e m b e r  1 is  the  d r iv e r ,  n e c e s s a r y  only  fo r  conven ience  of the 
a n a ly s is .  C o n s id e r  th e  eq u a tio n  of c o n s tra in t  in  th e  in e r t ia l  
r e f e re n c e
“  Y 0
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FIGURE IV -4 . REPRESEN TA TIO N  O F TANGENT ON LINEAR APPROXIM ATED 
CONTOUR
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:,° t b e 1 1 ^ 0 = T 2 + Z 2z e11^ (IV -3)
o r
Z i 1 e 11 ^  + b  e 1 1  ^  = T2 + i i  r 2 e i l  (IV-4)
fo r  the  c a s e s  th a t  a r e  to  b e  a n a ly ze d  h e r e .  T he s u p e r s c r ip ts  denote 
the  p la n e .
The a lg o r i th m  is  a s  fo llo w s: A ssu m e  a  v a lu e  o f ^ 0 , then
V  = V  -4>1 • <IV- 5 >
The ta b u la te d  v a lu e s  p re v io u s ly  g e n e ra te d  a r e  now  u se d  to o b ta in  a
v a lu e  of <j>bcalc a  P0^  Zx 1 .
S ince
Zj0 = Z e 11^ 1 (IV-6)
th en
(b -  i i  r 2 ) = (T2 -  Zj 0 ) e “1X V  . (IV-7)
See F ig u re  (IV -5 ). L e ttin g
a  ei l  a  = T2 -  Z x° (IV -8 )
w hich  is  know n and  eq u a tin g  im a g in a ry  p a r t s  of eq u a tio n s  (IV -8 ) 
and  (IV -7) y ie ld s
>  x°
FIG U RE IV -5. IN ERTIA L REPRESEN TA TIO N  OF MECHANISM
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-  r 2 = a  s in  (a -  (|.b 0 ) . (IV -9)
Thus
a  -  <|>b 0 = a r c  s in  ( - r 2 / a )  (IV -10)
w h ere
a = | T2 -  Z x° | (IV -11)
and <J)b ° b e c o m e s
<i>b ° = a  -  a r c  s in  ( - r 2  /a )  . (IV -12)
R e tu rn in g  to  e q u a tio n  (IV -5), a t w h ich  p o in t v a lu e s  of Xj , y j , 
and  Sj w e re  o b ta in ed , and  su b seq u e n tly  f a c to re d  in to  th e  a n a ly s is  a s
Z j 1 = xj + i i  yj (IV -13)
le a d s  to  a  c a lc u la te d  v a lue  of <j>b ° , E q u a tio n  (IV -12).
W ith  ^ b c a lc  a v a ^ a^ l e> ^ b ^ a lc  c a n  be  o b ta in ed  f ro m
^ c a l c  ^ k ca lc  ^
If ({j-u1 F ig u re  (IV -6 ), r e p r e s e n ts  th e  im m e d ia te  p re v io u s
C c l l C  ( 1 )
tan g en cy  and  i f  ^ b ^ a lc ^ )  r e P re s e n ts  su b se q u e n t tan g en cy , i t  is
e a s y  to  d e te rm in e  i f  ^ a i c  l ie s  b e tw ee n  ^ b c a lc U )  31141 ^ c a l c  (2 )' 
i .  e . ,
calc
c a lc ( l)
ca lc  (2 )
1
^ k c a lc ( l)  < ^ c a l c  < ^^calc(2)
FIG U RE IV - 6 . ILLUSTRATION TO DETERM IN E TANGENT
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^ k c a l c ( l )  <  ^ b c a j c  <  ^ b c a i c ( 2 )
If does no t lie  b e tw ee n  th e  ta n g e n c ie s , a  s im p le  re la x a tio n
sc h em e  to  ch o o se  a  new  v a lu e  of ^  w as u se d  and  is  a s  fo llow s
<|>b0 = V  + 1 .1  6
w h ere
6 °  K a l e - < > b 0 > '
cj>b ° on th e  r ig h t  h an d  s id e  of th e  above eq u atio n s r e p r e s e n t  the  p r e ­
v io u s ly  a s s u m e d  v a lu e  of (j>b ° . W ith th is  new  v a lu e  of >̂b ° , the  nex t 
i te r a t io n  ta k e s  p la c e . The i te r a t io n  c o n tin u es  u n til  an  a c c e p ta b le  
va lue  of ‘I’b c a jc  *s ob ta ined , i . e . ,  s a t is f ie s  the  in eq u a lity
^ b c a i c ( i)  < ^ b c a j c < +b ca lc  (2 )
Once th e  c r i t e r io n  is  m e t i t  i s  p o s s ib le  to  d e te rm in e  the  
am oun t of b an d  w ra p p e d  onto m e m b e r  1 and  th u s  d e te rm in e  the  angle 
th a t  m e m b e r  2  h a s  ro ta te d  th ro u g h .
C o n s id e r  F ig u re  (IV -7). The len g th  of band , s 2 , w rap p ed  
onto m e m b e r  2  a t  any tim e  is
s 2 = (L -  L x -  b ) / r 2 (IV -15)
P R O F IL E  2
FIG U RE IV -7 . BAND W RAP ON P R O F IL E
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w h e re
L  -  o r ig in a l to ta l  len g th  of band
Lj -  len g th  of b and  w rap p ed  onto m e m b e r 1
b -  len g th  of band  f ro m  m e m b e r  1 to  m e m b e r  2 .
If the  po in t of re fe re n c e  is  c h o sen  a s  9 = 0 c o rre sp o n d in g  to
the  p o s it iv e  x -a x is  th e n  the  am ount of ro ta tio n  of m e m b e r  2  is
e2 .  ~b -  (+ b + f )  -  +A (IV -16)
w h e re  r e p r e s e n ts  som e p h a se  an g le . In th is  c a se , w hen th e r e  is  
no ban d  w rap p ed  onto m e m b e r  1 , f o r  0 2 to  be eq u a l to  z e ro , s e ts  a  
p h a se  single of
+a  ■ --H h - I  < iv - 1 7 )
w h e re  s u b s c r ip t  i  d en o tes  th e  in it ia l  p o s itio n  of the  band . T hus 0 2 
a t any tim e  is  g iven  by
L  -  L, -  b
0 2  = +b°- r ---------- +A • <IV ' 18>2
Once the  ro ta tio n  angle  of m e m b e r  2 h a s  b e e n  ob ta ined  b a se d  
on the l in e a r  a p p ro x im atio n , i t  can  be c o m p a re d  to  th e  th e o re t ic a l  
func tion .
C o n s id e r  th e  function
e2 = - | ( c o s 0 x -  l) ( IV -19)
once a g a in . If  the  p ro f i le  i s  a p p ro x im a te d  by  20 p o in ts  sp a c e d  a t 
in te rv a ls  c o rre sp o n d in g  to  a c o n s ta n t an g le  of ro ta t io n  in c re m e n t
w h e re  np is  the  n u m b e r  of p o in ts  u se d  to  g e n e ra te  the  p ro f i le , th e n  
by  u se  of the  a lg o r i th m  d e s c r ib e d  above, the  a b so lu te  m agn itude  of 
the  e r r o r  b e tw ee n  the  th e o re t ic a l  function , E q u a tio n  (IV -19) and  
the  l in e a r ly  a p p ro x im a te d  fu nc tion  can  be  o b ta in ed . T h at is ,
F ig u re  (IV -8 ) i l l u s t r a te s  th e  a b so lu te  e r r o r  and  the  p e rc e n t  
e r r o r ,  b o th  a s  a fu n c tio n  of th e  ro ta t io n  ang le , 0 1# T he m ax im u m
d e g re e s , and  o c c u rs  a t 0X = 90 d e g re e s .  The m ax im u m  p e rc e n t  
e r r o r  o c c u rs  a t a p p ro x im a te ly  60 d e g re e s  and  i s  0 .0 3 1  p e rc e n t .
F ig u re  (IV -9) i l lu s t r a te s  th e  a b so lu te  e r r o r  and  th e  p e rc e n t  e r r o r  fo r  
th is  function  b a s e d  on th e  sa m e  a n a ly s is .  T he m ax im u m  a b so lu te  
e r r o r  in  th is  c a s e  is  4. 7 X 10“ 3 ra d ia n s , l e s s  th a n  0 .3  d e g re e s , and 
o c c u rs  a t th e  m ax im u m  ro ta t io n  ang le , 0! = 180. The m ax im u m  p e r ­
cen t e r r o r  is  0 . 18 p e rc e n t  and  a ls o  o c c u rs  a t  0 j = 180 d e g re e s .
A0 (IV -20)
E r r o r  = 102 -  02‘‘ th e o ry  a p p ro x
a b so lu te  e r r o r  is  show n to  be  3. 1 X 10" 4  ra d ia n s ;  l e s s  th an  0. 02
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FIG URE IV - 8 . ABSOLUTE AND PE R C E N T  ERROR OF 
LINEAR APPROXIM ATION
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F ro m  F ig u re s  (IV -8 ) and  (IV -9), th e  ab so lu te  e r r o r  is  shown 
as an in c re a s in g  e r r o r  a s  a  function  of the  ro ta tio n  an g le . T h is is  
due to  the  c u rv a tu re  of b o th  p ro f i le s  hav ing  an  in c re a s in g  r a te  of 
change a s  th e  m e c h a n ism  is  ro ta te d  th ro u g h  i ts  ran g e  of m o tion . As 
such , w hen the  p ro f i le  i s  l in e a r ly  ap p ro x im a te d , an  e r r o r  is  c re a te d  
th a t in c r e a s e s  a s  a  r e s u l t  o f the  ra p id ly  changing c u rv a tu re , F ig u re  
(IV -10).
The p re v io u s  two e x am p le s  have  a ssu m e d  th a t each  po in t 
u se d  in  the  l in e a r  a p p ro x im a tio n  l ie s  on the  th e o re tic a l  c u rv e . It 
is  p ro b a b le  th a t som e of th e  p o in ts  l ie  w ith in  som e e  of the  cu rv e .
To in v e s tig a te  th is , c o n s id e r  f i r s t  th e  function  g iven  in  equation  (IV- 
19). A ssu m e  a l l  p o in ts  ex cep t one l ie  on the  c u rv e . L et th is  one 
po in t l ie  a t (•^.ji e o r y + 0*001, Y ^ e o r y. + 0 .0 0 1 ). (The s ix th  po in t 
on the  p ro f i le  w as ch o sen  as th e  p o in t to  w hich  the  in c re m e n t w as 
added . )
By th e  sa m e  a n a ly s is  u s e d  to  ob ta in  the  d a ta  fo r  F ig u re s  
(IV -8 ) and  (IV -9), th e  e ffe c t of th e  one p o in t be ing  d isp la c e d  f ro m  the 
t ru e  c u rv e  can  b e  ev a lu a ted . F ig u re  (V I-11) show s the  ab so lu te  
e r r o r  and th e  p e rc e n t  e r r o r  fo r  th is  c a s e . F ro m  F ig u re  (IV-11) the 
m ax im u m  a b so lu te  e r r o r  o c c u rs  a t a p p ro x im a te ly  0 .5 5  ra d ia n s  (31.5  
d e g re e s )  and  h a s  a m ag n itu d e  of 10. 5 X 10" 4  ra d ia n s  (ap p ro x im ate ly
0 .0 6  d e g re e s ) . The m ax im u m  p e rc e n t  e r r o r ,  0 .2 0  p e rc e n t, o c c u rs  
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FIG URE IV -10. REPRESEN TA TIO N  O F ERROR AS A RESULT OF RAPIDLY
CHANGING CURVATURE
0
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OU TPU T ANGLE (rad ian s)
FIGURE IV -11. SINGLE PO INT ERROR
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S im ila r ly , F ig u re  ( IV -12) i l l u s t r a te s  th e  c a se  fo r  th e  fu nc tion  
g iven  in  eq u a tio n  (IV -21). T he m ax im u m  a b so lu te  e r r o r  is  show n to 
be 3. 55 X 10” 3 r a d ia n s  (a p p ro x im a te ly  0 .2 0  d e g re e s ) .  The m ax im u m  
p e rc e n t  e r r o r  i s  show n to  be  0. 11 p e rc e n t .  In  b o th  c a s e s  th e  m a x i­
m um  e r r o r  o c c u rs  a t Qx = 180 d e g re e s .
The re a s o n  th e  m ax im u m  a b so lu te  e r r o r  o c c u r re d  a t  the  
end p o in t is  a p p a re n t, i .  e . , th e  e r r o r  in  th e  output ang le  in d u ced  by  
the  l in e a r  a p p ro x im a tio n  i s  ad d itiv e  a s  the  m e c h a n ism  is  ro ta te d  
th ro u g h  i ts  ran g e  of m o tio n .
C o n s id e r  a g a in  th e  fu nc tion  g iven  in  eq u a tio n  (IV -21), ex cep t 
th is  tim e  le t  th e  p ro f i le  be  a p p ro x im a te d  by  a v e ra g in g  a  n u m b e r o f 
ran d o m  sa m p le s  fo r  e a c h  p o in t. F o r  th is  sp e c if ic  ex am p le , 100 
sa m p le s  w e re  o b ta in ed  fo r  e a c h  p o in t f ro m  a  u n ifo rm ly  d is tr ib u te d  
ran d o m  n u m b e r g e n e ra to r  p ro g ra m . The s a m p le s  w e re  a v e ra g e d  
at e ac h  p o in t and th e  a p p ro x im a te d  p o in t co m p u ted  by
Z, = Z, . + (RN„ -  0 .5 )  V a r„
1 a p p ro x  1 th e o ry  x x-
+ i i  (RNy -  0 .5 )  V a ry
w h e re
RN - a v e ra g e  of ran d o m  sa m p le s  in  x - d i r e c t io n  
RNy -  a v e ra g e  of ran d o m  sa m p le s  in  y -d i r e c t io n  
V a rx -  m ax im u m  v a r ia n c e  in  x -d i r e c t io n  
V ary  - m ax im u m  v a r ia n c e  in  y -d i r e c t io n .
0
-  ■  { ‘ f t )  -  ‘ f t ) '  * f t )  1
/ a b s o l u
ERROR
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FIGURE IV -12. SINGLE POINT ERROR
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The a p p ro x im a te d  p ro f i le s  w e re  p a r a m e tr ic a l ly  e v a lu a ted  by 
v a ry in g  the  v a r ia n c e s  f ro m  0 .001  to  0 .0 0 5 . F ig u re  (IV-13) i l lu s ­
t r a te s  the  ab so lu te  e r r o r  fo r  v a r ia n c e  of 0 .0 0 1 , 0 .0 0 2 , and  0 .005  in  
w hich ran d o m  p o in ts  have b e e n  s e le c te d  a s  d e s c r ib e d  above.
F ro m  F ig u re  (IV-13) the  e ffec t of the  ran d o m  p o in ts  on the 
output ang le  can  b e  o b se rv e d . F o r  exam p le , th e  m ax im u m  ab so lu te  
d iffe ren c e  b e tw een  th e  th e o re t ic a l  ou tpu t ang le  and th e  l in e a r ly  
a p p ro x im a te d  ou tpu t ang le  is  0 .0043  ra d ia n s  (ap p ro x im ate ly  0 .25  
d e g re e s ) , 0 .0045  ra d ia n s  (ap p ro x im a te ly  0 .2 6  d e g re e s ) , and  0 .0037  
ra d ia n s  (ap p ro x im a te ly  0 . 2 2  d e g re e s )  fo r  m ax im u m  v a r ia n c e s  of 
0 .0 0 1 , 0 .0 0 2 , and 0 . 005, r e s p e c t iv e ly . S im ila r ly , th e  m ax im u m  
p e rc e n t  e r r o r  can  b e  o b se rv e d  and  is  show n to  b e  l e s s  th an  0. 15 p e r ­
cen t fo r  a l l  c a s e s , i .  e . ,  f o r  a  v a r ia n c e  of 0 . 0 0 1  th e  m ax im u m  e r r o r  
is  0. 144 p e rc e n t;  fo r  a  v a r ia n c e  of 0 .0 0 2  th e  m ax im u m  e r r o r  is  
0 . 137 p e rc e n t, and  fo r  a  v a r ia n c e  of 0. 005 the  m ax im u m  e r r o r  is  
0. 135 p e rc e n t .  W ith r e fe re n c e  b ack  to  F ig u re  (IV -9), (the l in e a r ly  
a p p ro x im a te d  c a se  w ith  a l l  p o in ts  on th e  th e o re t ic a l  cu rv e ), the  m a x i­
m um  e r r o r  w as show n a s  0 .0 0 4 4  ra d ia n s  (a p p ro x im a te ly  0 .25  
d e g re e s )  and  th e  m ax im u m  p e rc e n t  e r r o r  is  show n a s  0. 14 p e rc e n t.
T hus f a r ,  f o r  the  two fu n c tio n s a n a ly zed  h e re in , nothing h as 
b e en  m en tio n ed  in  v iew  of th e  e ffe c t of the  e r r o r  on th e  p e rfo rm a n c e  
of the  m e c h a n ism . The to ta l  e ffec t n e ed s  to  be  in v e s tig a te d  in  the  
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th e  e r r o r  can  b e  d ire c t ly  r e la te d  to  th e  band leng th , although the  
to ta l  e ffe c ts  of th e  b a n d len g th  m u s t be  an a ly zed  in  con tex t of the  
d ynam ics of th e  m e c h a n ism . S ince th e  e r r o r  d en o tes  the  d iffe ren c e  
b e tw ee n  th e  th e o re t ic a l  output angle  and th e  l in e a r ly  ap p ro x im ate d  
ou tpu t angle  th en  th e  b an d len g th  a s s o c ia te d  w ith  th e  m ec h an ism  can  
be  d e s c r ib e d  by
B L  = Sj + b + s 2 -  Ab
w h e re
Ab = r ,  (02 -  0 2  ) •
2 2 th e o ry  a p p ro x
T he n o m e n c la tu re  is  th e  sa m e  a s  th a t  u s e d  e a r l i e r  in  th is  c h a p te r .
F o r  the  tw o fu n c tio n s c o n s id e re d  thus f a r  in  th e  e r r o r  a n a ly ­
s i s ,  e q u a tio n s  (IV -19) and (IV -21), the  ban d len g th  e r r o r  can  be  
c a lc u la te d . F o r  th e  function  d e s c r ib e d  by  eq u atio n  (IV-19) and fo r  
th e  p a r t i c u la r  c a se  of a l l  p o in ts  ly ing  on th e  p ro f i le  A b is  ob tained  
f ro m
Ab — ro (02 , — 0 2 ) -  r 2 ^ 0  •
2 2 th e o ry  2 a p p ro x
S ince r 2 = 0 .2 5  and  A0 = 3. 1 X 10" 4  ra d ia n s  a t 0X = 90 d e g re e s ,
A b = 0. 00007 o r  0. 006 p e rc e n t .  F o r  th is  ex am p le , the  p o s itiv e  Ab 
r e p r e s e n ts  th e  am oun t th a t  th e  th e o re tic a l  ban d len g th  n eed s to  be  
re d u c e d  a s  a r e s u l t  o f th e  l in e a r  ap p ro x im a tio n .
122
S im ila r ly  f o r  equation  (IV-21), Ab a t  180 d e g re e s  is  
a p p ro x im a te ly  0 .0009  o r  0. 04 p e rc e n t .  A gain, Ab i s  p o s it iv e .
A lthough e r r o r s  a r e  e x p e rie n c e d  in  m an u fa c tu rin g , th is  
a n a ly s is  show s th a t th e  m ax im u m  e r r o r s  w ould b e  on the  o rd e r  of 
0 .0161  d e g re e s  fo r  th e  f i r s t  function, eq u a tio n  (IV -19). In th is  
exam p le , i f  the  m e c h a n ism  is  ro ta te d  th ro u g h  i ts  ran g e  of m o tio n  
and u sin g  th e  n u m b e rs  g e n e ra te d  h e re in , a t  th e  co m p le tio n  of i ts  
m otion , th e  output could  be  ex p ec ted  to  be  w ith in  0 . 0 2  of a  d e g re e  
of th e  th e o re tic a l  v a lu e . S im ila r ly  fo r  th e  seco n d  exam ple , and  fo r  
the  c a s e s  c o n s id e re d  h e re in , the  m ax im u m  e r r o r  w ould be w ith in  
0 . 3  d e g re e  of the  d e s i r e d  output upon c o m p le tio n  o f th is  m ec h an ism s  
ra n g e  of m o tio n . T he output e r r o r s  can  b e  d ire c tly  r e la te d  to  b an d ­
len g th  e r r o r .
C H A PT E R  V
PA R A M ETER  VARIATION
Thus fa r , the  a n a ly s is  of band  m ec h an ism s  h as  b een  to tak e  
a g iven  fu n c tio n a l re la tio n sh ip , a s s ig n  sp e c if ic  v a lu es  to  the  p a ra m ­
e te r s  th a t d e s c r ib e  the  p ro f i le  o f one of th e  m e m b e rs , apply  the  
m otion  c o n s tra in ts  to  th e  m ec h an ism , and so lv e  fo r  th e  p ro f i le  of 
the  o th e r  m e m b e r . A t t im e s , h o w ev er, th e  d e s ig n e r  m ay  w ish  to  
have  the  a lte rn a t iv e  a s  to  w h e th e r  o r  no t a  sp e c if ic  a s s ig n m e n t of 
v a lu es  to  v a r ia b le s  is  the  d e s ir e d  a p p ro a ch . In th is  s itu a tio n , a s 
in  m o st o th e r  d e s ig n  s itu a tio n s , th o se  a p r io r i  c h o sen  p a ra m e te r s  
a re  a c tu a lly  independen t v a r ia b le s  to  one ex ten t o r  a n o th e r . If th ey  
a re  indeed  independen t, th e  q u es tio n  n a tu ra lly  a r i s e s  re g a rd in g  
any g iven  cho ice  of w h e th e r  the  v a lu e s  u se d  a re  th e  b e s t .  F u r th e r ,  
i f  th e se  p a r a m e te r s  a r e  c o n s id e re d  to  be  independen t v a r ia b le s , 
then  it  is  n o t u n re a so n a b le  to  ex p ec t th em  to  b e  c o n s tra in e d  to  c e r ­
ta in  fe a s ib le  re g io n s  and no t to  be  to ta lly  a r b i t r a r y .
As soon  a s  a " b e s t"  so lu tio n  is  c o n s id e re d  in  the  con tex t of 
p a r a m e te r  v a r ia tio n , i t  b e c o m e s  n e c e s s a ry  to  c o n s id e r  how to 
m e a s u re  " b e s t" ,  i . e . ,  th e  c o n s tru c tio n  of som e o b jec tiv e  o r  c o s t
function . S ince th e  d e s ig n  of function  g e n e ra tio n  m e c h a n ism s  in  a  
g e n e ra l  s e n s e  is  b e in g  in v e s tig a te d , i t  w ould follow  th a t one a ttr ib u te  
of a  " b e s t"  d e sig n  w ould b e  s m a ll  function  e r r o r .  H ow ever, th e re  is  
z e ro  th e o re t ic a l  e r r o r  em bod ied  in  the  sa tis fy in g  of the  c o n s tra in t  
equation  u sing  the  m eth o d  of so lu tio n  p r e s e n te d  in  C h a p te rs  II and 
III. D ynam ical e r r o r  is  an  a lto g e th e r  d iffe re n t s itu a tio n  and  ju s t  
the  com pu ta tion  of th a t q u an tity  is  a  s ig n if ic a n t u n d e rta k in g . However, 
it  can  be  s ta te d  th a t a  p r in c ip a l  com ponen t of th e  dynam ic  e r r o r  w ill 
com e f ro m  b an d  w hip . N o rm al a c c e le ra t io n  of the  band  w ill ex ite  
band  whip, so  to  s im p lify  th in g s  the  a v e ra g e  n o rm a l a c c e le ra t io n  of 
the  b and  w as e le c te d  fo r  th e  o b jec tiv e  function .
In th is  se c tio n  one m ethod  fo r  finding the  m in im u m  of a  func­
tio n  of s e v e ra l  v a r ia b le s  is  a p p lied  to  th e  o b jec tiv e  function  d e sc r ib e d  
above, ii e . , m in im iz e  th e  com ponent of dynam ic e r r o r  th a t  a r i s e s  
f ro m  th e  n o rm a l a c c e le ra t io n  of the  band . The m in im iz a tio n  m ethod  
u se d  in  th is  a n a ly s is  is  b a s ic a lly  th a t  o f P o w e ll 's  (8 ); the  p a r t ic u la r  
v e rs io n  u til iz e d  h e r e  w as p ro g ra m m e d  fo r  u se  on a d ig ita l co m p u te r 
by A. J .  M c F h a te . A l is t in g  of the  c o m p u te r  p ro g ra m  fo r  th is  
m eth o d  is  in c lu d ed  in  th e  A ppendix .
H e re in , th e  e c c e n tr ic  c ir c le  is  u se d  as one m e m b e r  of the  
m e c h a n ism  and a s  such , th e  ra d iu s , e c c e n tr ic i ty , and p h a se  angle 
a r e  th e  v a r ia b le  p a r a m e te r s .  Thus the  a n a ly s is  can  in c lu d e  up to 
th re e  v a r ia b le s  fo r  o p tim iz a tio n  of th e  c o s t function .
To p ro c e e d  w ith  th e  a n a ly s is , i t  b e co m es  n e c e s s a ry  to 
a ssu m e  in it ia l  v a lu e s  fo r  th e  v a r ia b le  p a r a m e te r s .  The k in e m a tic  
sy n th e s is  a n a ly s is  d is c u s s e d  in  C h ap te r II is th en  u se d  to  g e n e ra te  
the  p ro f i le . As th e  m e c h a n ism  is  in c re m e n ta lly  ro ta te d  th ro u g h  its  
ran g e  of m o tion  and a  p ro f i le  g e n e ra te d , th e  n o rm a l a c c e le ra tio n  
of th e  band  i s  com pu ted  a t the  tan g en t p o in t of the  band  to  each  
p ro f ile ;  ani and re p re s e n tin g  the  n o rm a l a c c e le ra t io n  o f the  
b and  to  p ro f i le s  1 and  2, re s p e c tiv e ly . The a c c e le ra tio n s  a re  
a v e ra g e d  a t each  in c re m e n t.
w h e re  i = 1, n . The a b so lu te  va lue  of th e se  a v e ra g e  a c c e le ra tio n s  
a re  th en  su m m ed  o v e r the  n u m b er of in c re m e n ts
and is  u se d  as a  p a r t  of th e  o b jec tiv e  func tion .
B e fo re  the  to ta l  o b jec tiv e  function  u se d  is  d isc u sse d , con ­
s t r a in ts  and p e n a lty  fu n c tio n s  n e ed  to  be  in tro d u c e d .
E x am p les  p re s e n te d  thus f a r  in  C h a p te rs  II, III, and IV 
have i l lu s t r a te d  p ro f i le s  g e n e ra te d  fo r  a g iv en  s e t  of inpu t p a ra m ­
e te r s ,  i . e . ,  the  e c c e n tr ic  c ir c le  w as a s s ig n e d  v a lu e s  fo r  i ts  ra d iu s , 
e c c e n tr ic i ty , and  p h a se  ang le  and fo r  a  g iven  fu n c tio n a l re la tio n sh ip  
4*2 = G (4>j ), a  p ro f i le  w as g e n e ra te d . The p a r t ic u la r  input p a ra m ­
e te r s  u se d  m ay  no t be  the  " b e s t"  s e t  of v a lu e s  fo r  a  p h y s ic a l
a avgi 2
to ta l  2
s itu a tio n , th a t  is , th e r e  m ay be a  " b e t te r "  s e t  of v a lu es th a t w ould 
d e c re a s e  the  n o rm a l a c c e le ra tio n  of the  band and  s t i l l  p ro v id e  a 
w o rk ab le  m e c h a n ism . B e fo re  th is  b e s t  s e t  of p a ra m e te r s  can  be 
d e te rm in e d , th e  c o n s tra in ts  im p o sed  on the  m e c h a n ism  n e e d  to  be 
c o n s id e re d .
F o r  the  sp e c if ic  c a se  of th e  e c c e n tr ic  c ir c le ,  it  is  ex p ec ted  
th a t the  ra d iu s  w ould be  c o n s tra in e d  by  som e m ax im u m  p h y s ic a l 
lim ita tio n , and  obv iously  r 2 ^ 0  thus
< r 2 < r 2 . (V -la )m m  m ax
A seco n d  c o n s tra in t  on th e  e c c e n tr ic  c i r c le  could involve the
i
e c c e n tr ic i ty .  If  an  e c c e n tr ic i ty  is  in s is te d  upon, i t  is  a p p a re n t th a t 
c > 0. F u r th e r ,  i f  th e  e c c e n tr ic i ty  is  to  be  w ith in  the  con fines of 
the  ra d iu s  of the  d isk , c < r  , th en  the c o n s tra in t  im p o sed  on the 
e c c e n tr ic i ty  can  be s ta te d  as
0 < c < r 2 . (V -lb )
A th ird  c o n s tra in t  could  p o s s ib ly  be im p o sed  on th e  p h ase  
ang le , a , i. e . ,  i t  m u s t lie  b e tw een  som e m in im u m  and m ax im u m  
value
ry . < a  <" Ct • (V -lc )m in  -  a  -  “ m ax
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In th is  a n a ly s is ,  the  th re e  c o n s tra in ts ,  eq u a tio n s  (V -la ) , 
(V -lb ) , and  (V - lc )  im p o sed  on the  m e c h a n ism  a re  tak e n  in to  
acco u n t. P ro v is io n s  e x is t  in  th e  c o m p u te r  p ro g ra m s , l i s te d  in  the  
appendix , fo r  c o n s tra in in g  one, two, o r  th re e  of the  p a r a m e te r s  
a s s o c ia te d  w ith  th e  e c c e n tr ic  c i r c le .
A fte r  th e  c o n s tra in ts  have  b e en  id e n tif ie d  fo r  a  g iven  p ro b ­
lem , th e  in i t ia l  inpu t p a ra m e te r s  a r e  t r i e d  fo r  a  fe a s ib le  so lu tio n  
and a re  th en  v a r ie d  by  the  m in im iz a tio n  ro u tin e  (P o w e ll 's )  w hile  
seek in g  th e  " b e s t"  s e t  of p a r a m e te r s .  G e n e ra lly , som e of the  
v a lu e s  t r i e d  w ill  v io la te  the  c o n s tr a in ts .  W hen th is  o c c u rs , the  
o b jec tiv e  fu n c tio n  is  p e n a liz e d . The d e g re e  to  w hich  the  o b jec tiv e  
function  i s  p e n a liz e d  is  d e te rm in e d  by a  p e n a lty  function . F o r  e ac h  
v a r ia b le  inpu t a  p e n a lty  function  e x is ts  th a t d e te rm in e s  th e  am ount 
th a t th e  o b je c tiv e  function  is  p e n a liz e d .
The p e n a lty  function  p re v e n ts  the  s e a r c h  f ro m  a c tu a lly  s t r a y ­
ing in to  an  in fe a s ib le  reg io n , F ig u re  (V -l) . A s a  v a r ia b le  a p p ro a c h e s  
i ts  l im itin g  v a lu e  w ith in  som e e , the  p e n a lty  function  p ro v id e s  the  
va lue  of th e  p e n a lty  to  b e  added  to  th e  o b jec tiv e  function . T h is 
c a u s e s  the  m in im iz a tio n  ro u tin e  to  th en  se e k  a  so lu tio n  of l e s s  v a lu e . 
T h is  i te r a t io n  co n tin u es  u n til  the  " b e s t"  lo c a l m in im u m  is  o b ta in ed .
A q u a d ra tic  p e n a lty  function  w as u se d  fo r  the  e c c e n tr ic  
c i r c le  a n a ly s is .  The p e n a lty  va lue  is  co m pu ted  as a  v a r ia b le
W ALL VALUE
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s tra y s  w ith in  th e  € re g io n  p re v io u s ly  d isc u sse d , i . e . ,  th e  c lo s e r  
to  the  b o u n d ary  th e  g r e a te r  the  p e n a lty . F ig u re  (V -l)  d ep ic ts  th is  
c a se  w h e re  WV is  the  m ax im u m  va lue  th a t w ill  be  u se d  in  the  p en a lty  
value co m pu ta tion .
S ince th e  m ax im u m  and m in im u m  v a lu e s  to  w hich  the  m e c h a ­
n ism  is  c o n s tra in e d  a re  a t the  d e s ig n e rs ' d is c re t io n , in tu itiv e ly , 
the  a n a ly s is  shou ld  b e g in  w ith  a  fe a s ib le  s e t  of in i t ia l  inpu t 
p a r a m e te r s .
W ith th e  above in tro d u c tio n  and keep ing  in  m ind  the  n o m en ­
c la tu re  of C h a p te rs  II and  III, the  equations fo r  th e  n o rm a l a c c e le r a ­
tion  of th e  band  w ill  be  d eve loped . See F ig u re  (V -2).
W ith th is  r a th e r  b ro a d  d e sc r ip tio n  of c o n s tra in ts  and p e n a lty
functions a s s o c ia te d  w ith  th is  a n a ly s is , th e  o b jec tiv e  function  u se d  fo r
fo r  the  a n a ly s is  can  now be s ta te d  as
O b jective  function
w h ere
np -  n u m b e r of p o in ts
nv n u m b e r of v a r ia b le s
PV  - p e n a lty  v a lu e .
T he lo c a tio n  of a  p o in t P  on the  b and  is  g iven  by
(V-2)
Atq=0
PR O FIL E  2
► X()
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w h e re  q i s  th e  d is ta n c e  f ro m  th e  tan g e n t p o in t of p ro f i le  Z and t 2 
is  th e  d ire c tio n  of the  tan g en t in  p lan e  2 . T his d ire c tio n  is  the  sam e 
as th a t  d e s c r ib e d  in  C h a p te r  II and  is  g iv en  by
T2 = 4>b - 4>2 (V-3)
D iffe re n tia tio n  of equation  (V-2) y ie ld s
P ' = Z2 1 e 22 4 ,2  Z2  e 1 1 * 1 -  q ' e “  <Tz + ^  >
-  i i  (t 2 ' + <|>2 ') q e "  (Tz + 4 ,2  1 (V-4)
D iffe re n tia tin g  ag a in
P "  = Z 2 " e22 4 )2  + i i  <t>2 ' z* ' e11 4 ,2  + i i  fa  "  Z2 e"  4)2
+ i i+ j "  Z2 ' e i i 4 > 2  -  (4>2 ')z Z2  e 11 4 ,2
.  q.. e 11  (Tz +4,z) -  i i  (Ts ' + 4* ')  q ' a 11  <Tz + 4 ,2  1
-  i i  (t 2 +  + ,  "> q  a U  (Tz +4>z)
- i i ( T 2 ' + ,|.2 ' ) q e i i < T2  + 4 , 2 >
+ (t 2 ' + f e ' ) 2 q e 11 ( T 2  +4>z) (V-5)
F ro m  C h a p te r  II
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th u s
Z2 "  = Pz ' t 2  ' e 11 Tz + p2 t 2 "  e 11 Tz + i i  p2 ( t 2 ' ) * e 11 T z
(V-7)
h o w ev er
q' = s 2 ' = P 2 t 2 ' (V -8 )
and
q" = p2' t 2 ' + p2 t 2 " . (V-9)
S u b stitu tin g  equations (V -6 ), (V-7), (V -8 ), and (V-9) in to  equation  
(V -5), and  a f te r  so m e  re d u c tio n  and s im p lif ic a tio n , P "  b e co m es
P "  = i i  cj>2 " Z2 e 11 ^ 2 -  (<j>2 ' ) 2 Z2 e 1 1 ^ 2
- i i  ( t 2 " + ") q e 11 ( T 2  +<,>2)
ii p 2 ( t2 ' ) 2 e *  ( T 2  + ^ 2)
+ (t2 ' +cj>2 ')2 q e11 (Tz +*z) . (V-10)
Now
t 2 = 4>b “ 4> 2
T2 ' = cjjb' -  <j)2 ' ( V - l l )
T2 " = -  * 2 " •
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T hus P "  can  be  w r it te n  as
P "  = ii(j,2 "Z 2  e 1 1 * 2 -  (<|>2 *) 2  Z 2 e 11 4)2 -  i i  <}>b " q e 11 ^
-  i i  p2  (cj>b * -  (J)2  ' ) 2 e 11 + (<j>b ' ) 2 q  e 11 * h  . (V-12)
Now, a t th e  tan g e n t p o in t to  th e  p ro f i le  (or con tou r) of m e m b e r  2,
q = 0 , and
(P » ) q = 0  = [ i i f c "  -  (<j>2 ')2 ] Z2 e 1 1 * 2
-  i i p 2 («|.b , - <|>2 ' ) 2  e11^  (V-13)
and a t q = b
< P " >  „  =  [ i l + 2 " -  l + j ' ) 2 ]  Z 2 e * 1 * 2 -  u p j ( + b ' - ♦ * ' > '  e i i , | > b
-  ii  <|,b " b e 11 ^  (V-14)
The eq u a tio n s m u s t now be  p la c e d  in to  th e  p r o p e r  re fe re n c e . 
The t r a n s fo rm a tio n s  a re  th e  sa m e  a s  th o se  of C h a p te rs  III and  IV, 
th a t is
* b X = 4»b —
< « > b V  =  1  -  ' t ’ b  (V-15)
M-b1)"  = V
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and
0 2  = 4*2 “ 4>l = $ 2
02  ' = 1 -  + 2  ' = ( f a 1 ) 1 ( V —1 6 )
02  "  = <j,2 " = (4,2 V '  .
B efo re  p e rfo rm in g  the  tra n s fo rm a tio n , c o n s id e r  obtaining 
the  n o rm a l com ponents of a c c e le ra t io n  f ro m  equation  (V -14). If 
deno tes the  f i r s t  t e r m
Cx = [ U f a "  - ( f a ' ) 2] Z2  e 1 1 ^ 2  (V-17)
and is  ro ta te d  th ro u g h  a n  ang le  a,  F ig u re  (V-3), w h e re
or = - (4>b + | )  (V-18)
the n o rm a l com ponent o f a c c e le ra t io n  l ie s  along th e  r e a l  a x is , and
thus by  tak ing  th e  r e a l  p a r t  of the  ro ta te d  t e r m  y ie ld s  fo r  the  
n o rm a l a c c e le ra tio n
*n*
ani = R ea l { [ i i  <j>2 " -  ( f a  ')2] Z 2 e 11 (* 2 " ^  " 2 ) }  
(V-19)
The to ta l  n o rm a l  a c c e le ra tio n , P n "> of the  ban d  a t q  = 0 b e co m es
C P n 'V o  = R e a l {[ii<|>2 "-<<t>2 ')2] Z2 eU (,|>2 ' * h  ' " /2 )
-  ii Pz M>b' " '> e i i '*’b } (V-20)
FIG URE V -3. R EPR ESEN TA TIO N  TO D ETERM INE NORMAL 
A CCELERA TIO N  ALONG R E A L  AXIS
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and a t q = b
(p n ") k = R e a l {[ii<j>2 " -(<|>")2] Z 2 e 11 (* b “ ^  “ * / 2 )
4 u
- i i  Pz (<j>b' -  4>z ' ) 2 e 11<}>b - i i  <|>b " b e 11 ^  }
(V -2 1)
By su b s titu tio n  of equation  (V-15) and (V-16) in to  equations 
(V-20) and (V -21), re s p e c tiv e ly , the equations in  in e r t ia l  sp ace  
b ecom e
(Pn " )q = 0  = R e a l< [ :i * 2  " - ( 1  -  * 2  ')2] Z2 e U (,(>2 ‘  ^  " ¥ /2 )
-  Pz  (<t>b’ - <1*2 ')z e 1 1 <t>lD > (V-22)
and
(p n " )q=b = R e a l {[ i i  <j>2 " -  (1 - <j, 2 *)2 ] Z2 e ^ * 2 " ^  " ir/2 )
“ P2 (4>b' " $ 2  ')Z e il  “ i i  ^ b "  b e ii  } *(V-23)
E q u a tio n s (V-22) and (V-23) r e p re s e n t  the  n o rm a l com ponent 
of the a c c e le ra t io n  of th e  band  a t the  tan g en t po in ts  of p ro f ile s  2  
and 1 , r e s p e c tiv e ly .
Now th a t th e  eq u atio n s d e sc r ib in g  the n o rm a l a c c e le ra tio n  of 
th e  band  have  b e e n  ob tained , an  a tte m p t can  be  m ade to d esig n  the 
" b e s t"  m e c h a n ism  as  d e s c r ib e d  e a r l i e r  in  th is  c h a p te r . F o r  
ex am p le , the  e c c e n tr ic  c i r c le  w ill be  u se d  a s  one m e m b e r  of the
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m e c h a n ism . T he ra d iu s  and  e c c e n tr ic i ty  w ill b e  u se d  a s  th e  v a r i ­
a b le  p a r a m e te r s .
F o r  the  f i r s t  ex am p le , it  is  a p p ro p r ia te  to  c o n s id e r  a  c a se  in  
w hich  one in tu itiv e ly  know s w hat the  b e s t  m e c h a n ism  w ill  b e . Con­
s id e r  th en  th e  fo llow ing  function
0 2 = ± k 0 j 0 < 0 j <  2-n
in  w h ich  k is  c h o sen  p o s it iv e  and equal to  un ity . L e t the c o n s tra in ts  
on the  v a r ia b le  p a r a m e te r s  be
0 . 2 0  < r 2 < 0 . 26 
0  < c < 0 . 1
and in it ia l  inpu t v a lu e s  fo r  th e s e  two p a r a m e te r s  be  0 .2 5  and 0 .0 5  
fo r  r 2 and  c, re s p e c t iv e ly . The m in im u m  n o rm a l a c c e le ra t io n  w ill 
be  z e ro  w hen c is  z e ro .  The ra d iu s  r 2 w ould no t a c tu a lly  b e  a 
fa c to r  in th is  p ro b le m  s in c e  fo r  any  fe a s ib le  r 2 and c = 0 , th e  o b jec ­
tiv e  fu nc tion  shou ld  a p p ro a c h  z e ro .  T hat th is  is  so  can  b e  s e e n  in  
F ig u re s  (V -4), (V -5), and (V -6 ), w hich  i l lu s t r a te s  the  m ech an ism , 
i ts  d isp la c e m e n t and  v e lo c ity  c h a r a c te r i s t i c s ,  re s p e c tiv e ly .
O bviously , s in c e  th e  v e lo c ity  is  c o n s tan t, th e  a c c e le ra tio n  is  z e ro .
The m e c h a n ism  is  tw o c o n c e n tr ic  c i r c le s  ro ta tin g  about th e ir  
c e n te r s .  The n u m e r ic a l  v a lu e s  o b ta in ed  f ro m  the  n u m e r ic a l  a n a ly ­
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FIGURE V -6 . VELOCITY P R O F IL E
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r 2 = 0 .2 5  
c = 0. 817 X 10 ‘ 13  
and the  v a lu e  of th e  o b jec tiv e  function  w as
0. 103 X 10" 11 i
Thus i t  a p p e a rs  th a t fo r  th is  o b jec tiv e  function, the  p ro g ra m  did 
indeed  ob tain  a " b e s t"  m e c h a n ism .
A gain  c o n s id e r  the  function
0 2 =  ± k  0 X 0  <  0 X <  2 tt
but fo r th is  c a se  le t
0. 10 < r 2 < 0. 50 
0. 001 < c < 0. 40 
c < r 2 -  e
w h e re  e = 1 X 10“ 4  . W ith c r i t ic a l  p a r a m e te r  v a lu es  of 0 .2 0  and 
0 . 1 0  fo r  r 2 and c, re s p e c tiv e ly , the  m e c h a n ism  and its  d isp la c e m e n t 
and v e lo c ity  c h a r a c te r i s t i c s  a r e  show n in F ig u re s  (V-7), (V -8 ), and 
(V-9), re s p e c t iv e ly . A gain  if  the fu n c tio n a l re la tio n  is  s a tis f ie d , 
the  v e lo c ity  is  u n ity  and th e re b y  the  a c c e le ra t io n  i s  z e ro . F ig u re  
(V -9 ), th e  v e lo c ity  c u rv e , su p p o rts  th is  c a s e .  The n u m e r ic a l  
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FIGURE V - 8 . DISPLACEM ENT PR O FIL E
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FIGURE V -9. VELOCITY PR O FIL E
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r2 = 0. 1468 
c = 0 . 0 0 1
w hich p ro d u ce d  a m in im um  c o s t function  value  of 0 . 0126.
A s o u r l a s t  exam p le  c o n s id e r  the  function
02 = 0 ! + k Oj 2 (0 ! 2 -  4 t t0 x + 4 tt2 ) 0 < 0 X < 2ir
and the  c o n s tra in ts  on the e c c e n tr ic  c ir c le
0 . 20 < r 2 < 0. 50 
1 X 10" 4 < c < 0. 49 
c < r 2 -  £
w h ere  £ = 1 X 10" 4  and k  = 0 .0 1 . F o r  th is  exam p le , F ig u re s  (V-10), 
(V—11), (V -12), and  (V-13) d e p ic t th e  m ech an ism , and i ts  d is p la c e ­
m ent, v e lo c ity , and a c c e le ra t io n  c h a r a c te r is t ic s ,  re s p e c tiv e ly .
The p a r a m e te r  v e c to r  n u m e r ic a lly  o b ta in ed  w as 
r 2 = 0 . 2 0  
c = 1. 00052 X 10“ 4  
w hich p ro d u ce d  a m in im um  o b jec tiv e  function  value  of 0. 873726.
A flow  c h a r t  and  c o m p u te r  l is t in g  of the  m ain  p ro g ra m , 
m in im iz a tio n  ro u tin e  and o b jec tiv e  function  u se d  in  th is  a n a ly s is  
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FIG URE V -13. A CCELERA TIO N  P R O F IL E
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C H A PT E R  VI
DYNAMICS O F BAND MECHANISMS
U ntil now th e  m otion  of th e  ban d  m e c h a n ism  h a s  b een  
d e sc r ib e d  in  te r m s  of p u re ly  k in e m a tic  c o n s id e ra tio n s . T hat is , 
th e  m otion  is  d e s c r ib e d  w ithou t c o n c e rn  fo r  the  fo rc e s  th a t cau se  
th is  m o tion . A t t im e s , h o w ev er, i t  m ay  be  d e s ira b le  th a t the 
fo rc e s  a c tin g  on the  m e c h a n ism  b e  id e n tif ie d  and the  e ffe c ts  of 
th e se  fo rc e s  ex am in ed . T h is  w ould c e r ta in ly  a p p e a r  to  be  a p p li­
cab le  fo r  m e c h a n ism s  th a t m ove ra p id ly . In  the  even t th a t the  
fo rc e s  a r e  la rg e  enough th a t th ey  c au se  th e  band  to  d e fo rm  e la s t i ­
ca lly , th en  m o v em en t cond itions can  o c c u r  th a t a re  not acco u n ted  
fo r  in  the  k in e m a tic  d e s ig n . T hus, to  accoun t fo r  th e se  m o v em en ts , 
the  fo rc e s  m u s t be tak e n  in to  c o n s id e ra tio n  in  o rd e r  th a t the  d e s ire d  
output be  ob ta ined .
D iz leg lu  (9) in v e s tig a te d  the  dynam ics of a  b e lt  d riv e n  s y s ­
tem , F ig u re  (V I-1), in  w hich  e x te rn a l  fo rc e s  a r e  c o n s id e re d . A m es, 
L ee , and Z a iz e r  (10) ex am in ed  th e  n o n lin e a r  v ib ra tio n  of a tra v e lin g  
th re a d lin e  u n d e r  p la n a r  p e r io d ic  b o u n d a ry  e x c ita tio n  . T h ese  r e f e r ­
e n ce s  ex h ib it two a p p ro a c h e s  to  so m e  of th e  a n a ly s is  re q u ire d  in  
su p p o rt of the  d y n am ics of ban d  m e c h a n ism s . T h ese  two ap p ro a ch e s
M EM BER 1 M EM BER 2
J777777Z7777777777,
FIGURE V I-1. B E L T  DRIVE WITH BOTH M EM BERS CIRCULAR
a r e  d is c u s s e d  in  th e  follow ing p a ra g ra p h s . The follow ing is  not 
o r ig in a l  d e riv a tio n s  on th e  p a r t  of the  a u th o r, b u t r a th e r  an  a d a p ta ­
tio n  of p re v io u s  w ork  to  th e  band  m e c h a n ism .
A. DYNAMICS O F SINGLE BAND TRANSMISSION
F i r s t ,  c o n s id e r  F ig u re  (V I-1), in  w hich m em b er 2 i s  a c i r ­
c u la r  d isk  w hich  h as  a  v ib ra to ry  m ovem en t about i ts  c e n te r .
E x te rn a l  fo rc e s  a c t on the  m e c h a n ism  th a t c au se  the  band  to 
r e m a in  ta u t and  r e tu rn  the  m e c h a n ism  to  i ts  o r ig in a l p o s itio n .
O th e r e x te rn a l  fo rc e s  su ch  as f r ic tio n , sp r in g  c o n s ta n ts  if  a p p li­
cab le , e tc . ,  m ay  c re a te  v a r ia b le  r e s is ta n c e  m om en ts and a re  
d e s ig n a te d  W[ 0 2 *, (02 ')* , ( 0 2  ")*]• M em b er 2 h as  a  m o m en t of 
in e r t ia ,  J2 , about i ts  c e n te r .
W ith the  above in tro d u c tio n , c o n s id e r  an  e le m e n t of the band 
to  be  e lo n g a ted  (in ten s io n ) . A ccord ing  to  H ooke 's  law,
e = ^  . (VI-1)
If 0 2 * is  u se d  to  denote the  output angle th a t r e s u l ts  when 
the  e x te rn a l  fo rc e s  a r e  c o n sid e re d , then
e = f -  (e2« - e2) (vi-2)
w h ere  ( 0 2 * -  0 2 ) is  the  dev ia tio n  of the dynam ic  output ang le  f ro m  
the k in e m a tic  output ang le .
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The te n s io n  fo rc e  T = E e  is  g iven  by
EA
T = —  r 2 (02 * -  02 ) (VI-3)
w h e re  E  is  the  c o n s ta n t m odulus of e la s t ic i ty  of the  ban d  and  A is  
the  c ro s s  s e c t io n a l  a r e a  of th e  b an d . The d if fe re n tia l  eq u a tio n  of 
m o tio n  fo r  th e  m e c h a n ism  can  be  w r i t te n  as
r  2 E  A
j 2 (e2 ")* =   ( 0 2  * - 0 2 )
- W [ e 2 *, (e2 ')*, (02 ")*]  . (v i -4 )
In g e n e ra l ,  th e  so lu tio n  to  eq u a tio n  (VI-4) is  n o t obv ious;
i . e . ,  W[02 *, (0 2 ')*» ( 0 2  ")*] p la y s  an  im p o r ta n t  ro le  in  th e  so lu tio n .
If W [0 2  *, (02 ')* , (02 M)*] is  sp e c if ie d  in  su ch  a m a n n e r  th a t  i t  c r e a te s  
a  n o n lin e a r ity , a  so lu tio n  m ay  be  d ifficu lt to  ob ta in .
F o llow ing  D iz le g lu 's  a p p ro a ch , w ith  w hich  tim e , t, is u se d  
as the  p a r a m e te r  w ith  r e s p e c t  to  w hich  d if fe re n tia tio n  is  p e rfo rm e d , 
e q u a tio n  (VI-4) b e c o m e s
2 t
J 2 (02 )* = r̂ ~ —  (0 2 * -  0 2 ) -  W[ 0 2 (0 2 )*, (03 )* ] • (VI-5)
The b o u n d a ry  co n d itio n s  a r e  sp e c if ie d  as
0 2 * = 0 a t t  = 0 (V I-6 )
and
(02 )* = 0 a t  t  = 0 .
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The a n a ly s is  p ro c e e d s  on th e  a ssu m p tio n  th a t W[ 02  *, (0 2 )*,
m
(0 2  )* ] can  b e  g iv en  in  th e  follow ing fo rm , o r  a p p ro x im a te ly  r e p r e ­
sen ted , a s
W = W [02 *, (02 )*, (02 )*]
= W + Aj 02 * + (02 )* + A 3 (0 2 J* (VI-7)
w h e re  W is  a  f r ic t io n a l  r e s is ta n c e  and A^ , A 2 , and  A 3 a r e  con­
s ta n ts .
If
k  = r 2  2, (V I-8 )
D
w h e re  k  i s  c o n s id e re d  to  be  the  s tif fn e s s  of th e  band, then , w ith  
eq u atio n s (VI-7) and (V I-8 ) in c o rp o ra te d  in to  equation  (V I-5), the  
follow ing is  ob ta ined
(J2 + A 3 ) (02 )* + A2 (0 2 )* + (Aj + k)(0 2 )* = k 0 2 -  W . (VI-9)
Now, le t
T t  I a  /A  +  k \  ¥J  = J 2 + A 3 , p = I — —  I
B = A2 / J ,  M(t) = “  (k 0 2 -  W) . (VI-10)
U sing th e  re d u c e d  e x p re ss io n , eq u a tio n  (VI-9) can  be w ritte n  as
(02 )* + B(02 )* + p 2 (02 )* = M (t) . (VI-11)
T hus, a  v e ry  fa m ilia r ,  nonhom ogeneous, second  o rd e r  
l in e a r  d if fe re n tia l  eq u atio n  w ith  co n stan t co e ffic ien ts  h as b een  
ob ta ined .
D iz leg lu  re d u c e s  th e  eq u atio n  by  a ssu m in g  th a t th e re  is  no 
r e s is ta n c e  m om en t th a t is  p ro p o r tio n a l to  the  an g u la r ve locity ,
( 0 2  th a t is ,  no  l in e a r  dam ping of v e lo c ity . T hen A2  = 0 and equa­
tio n  (V I-11) can  be  w r it te n  as
(02 )* + p2  02 * = M (t) . (VI-12)
L e t i|;(t) be  a p a r t i c u la r  so lu tio n  of equation  (VI-12), w here  
th e  c o m p le m e n ta ry  so lu tio n  is  g iven  by
( 0 2  )*com p = Ci s in  p t + C2 cos p t
A pplying th e  b o u n d a ry  cond itions s ta te d  in  equation  (V I-6 ), the 
so lu tio n  to  eq u a tio n  (V I-12) b eco m es
( 0 2  )* -  ^(t) “ ^ '( ° )  -  vJj(O) cos p t . (V I-13)
P
T he a n g u la r  v e lo c ity  and a c c e le ra tio n  of m em b er 2 a re  
e x p re s s e d  by
(02 )* = i(j'(t) -  ip'(O) cos p t + p iJj(O) s in  p t (V I-14)
and
(9 2 )>:= = vjj"(t) + p (0) s in  p t + p2 ijj(0) cos p t , (VI-15)
re s p e c t iv e ly .
Now, if m e m b e r  1 is  a s su m e d  to  have a  c i r c u la r  a rc  w ith  
ra d iu s  r t , and  ro ta tin g  a t a  c o n s tan t an g u la r ve loc ity ,
Ox = cot
th en
02 = f(0i) = “  01 = ~ 0>t . (VI-16)
2 r 2
L et (rj / r 2 )<o = co, th e n  the  p a r t ic u la r  so lu tio n  to  equation  (V I-12)
is
*(t) = 3 ^ T  (kco t  -  W) . (V I-17)
D efining the  b o u n d a ry  cond itions
W
*(0 ) .  - w
and (V I-18)
+ '( 0 ) = ^  .
F ro m  eq u a tio n  (V I-13), and by  u se  of equations (V I-17) and 
(V I-18), th e  sp e c if ic  so lu tio n  can  be  e x p re s s e d  as
<e2 )* = ^  (t -  ) -  jgr (1 -  C O S  pt) .  (VI-19)
If eq u atio n  (V I-19) is  expanded  using  the  n o ta tio n  fro m  
eq u a tio n  (V I-10), the  d isp la c e m e n t, v e lo c ity , and a c c e le ra tio n  
eq u atio n s b eco m e
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0 2  * = A ~hk “  (t “ ( 1  “ COS pt) (VI-20)
• k  — W
(0 2 )* = X T T  w ̂  “ COS p t* " a '+ k  P Bin p t (VI-21)
#* 1c (i) W
(0 2 )* = " a '+fc p  s in  p t “ " j cos P* * (VI-22)
re s p e c t iv e ly . The d iffe re n c e  b e tw een  the  k in e m a tic  and dynam ic 
output angle  can  now be e x p re s s e d  by
n n -  I A , i k  s in  p t \
0 2  - e '  =“  ( a T E  ‘ + A T k  ^ T ~ )
+ ^ ~ k  (1 -  cos  p t) . (VI-23)
If sp e c if ic  n u m e ric  v a lu e s  a r e  a s s ig n e d  to  A, u , J, and  W, 
i t  can  be  o b se rv e d  f ro m  equation  (V I-23) th a t the  d iffe re n c e  (02 -  0 2 *) 
is  dependen t on k, and  th a t a s  k  b e co m es  la rg e , the  dev ia tion  betw een  
th e  k in e m a tic  and dynam ic  output b e co m es  s m a lle r .
If, a t  th is  po in t, i t  is  a s su m e d  th a t only W and re s is ta n c e  
m o m e n ts  p ro p o r tio n a l  to  th e  an g u la r a c c e le ra tio n  a c t  on the output 
m e m b e r, th en  A -*■ 0 and equation  (V I-20), (VI-21), and  (VI-22) take  
on th e  follow ing fo rm s , re s p e c tiv e ly .
0 2 * = cT ^ j  -  ~  1 1 -  co s p t j  (VI-24)
(0 2 )* = ST (1 -  cos pt) -  —- p s in  p t (VI-25)
(0 2 )* = jjr p  s in  p t -  p 2 cos p t . (VI-26)
iC
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T he p u rp o se  of p re s e n tin g  the  equations in  th is  r a th e r  s im p le  
fo rm  is  to  t r y  to  i l lu s t r a te  by exam ple  w hat h appens to  output of the  
m e c h a n ism  w hen th e  dynam ics a r e  c o n s id e re d , obv iously , u n d e r  
the  a s su m p tio n s  c o n s id e re d .
The a n a ly s is  h a s  fo llow ed D iz eg lu 's  p ro c e d u re  thus fa r , and 
consequen tly , the  follow ing ex am p le s  have  b e en  e x tra c te d  f ro m  the 
sam e w ork .
C o n s id e r  the  follow ing n u m e r ic a l  ex am p le : 
oJ = 1 5  r a d / s e c  
p = 80 se c  
W = 2 . 2 1  lb f 
k  = 608 lb f .
F ro m  equations (V I-24), (VI-25), and (V I-26), the  d isp lac em e n t, 
v e lo c ity , and a c c e le ra tio n  of the  m e c h a n ism  can  be ob ta ined .
F o r  th is  exam p le , th e  re s u l ts  a r e  d e p ic ted  in F ig u re  (V I-2).
It can  be  o b se rv e d  th a t 02 * and  (02  )* a r e  bo th  eq u a l to  z e ro  a t 
t = 0, w hich s a t is f ie s  th e  b o u n d ary  co n d itio n s . H ow ever, the a n g u la r  
a c c e le ra tio n  h as  a v a lu e  of 27. 8  r a d / s e c 2 and  is  due to  the  r e s i s ­
tan ce  m om en t W. As W goes to  z e ro , only r e s is ta n c e  m om en ts 
p ro p o r tio n a l  to the  a n g u la r  a c c e le ra tio n  a c t  on m e m b e r  2  of th e  
m ec h an ism , and (*02 )* goes to  z e ro . The m ax im u m  dev ia tio n  


















10 0 . 2
5
0
0 . 00 0 . 01 0 . 0 2 0 .03 0 .0 4 0 .05
TIM E (seconds)
FIGURE V I-2. TWO CIRCULAR DISK OUTPUT
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angle  of 11 d e g re e s .  F u r th e r  m o v em en t p ro v id e s  le s s  dev ia tion  
and (0 2 -  0 2  *) b e c o m e s  p ro g re s s iv e ly  s m a l le r  u n til t  = 0 .0395  
second  a t w hich  tim e  (0 2  -  © 2  *) b e c o m e s  equal to  z e ro  and  the 
k in em a tic  and dynam ic  p o s itio n  of m e m b e r  2 c o in c id e . A t th is  
t im e  m e m b e r  1 , a ssu m in g  th a t i t  is  the  d r iv e r ,  h a s  ro ta te d  
©i )f.=t*  = cot*, w h e re  t*  is  th e  tim e  a t  w hich  (0 2 -  0 2  ) b eco m es  
equal to z e ro , in  th is  c a se  t  = 0. 0395 seco n d . Thus
e * >t=t* = %  "  • <VI- 27>
B eyond th is  po in t, (02 -  © 2  *) b e c o m e s  n eg a tiv e , i. e . , th e  band  is  
no t ta u t and  th e  eq u a tio n s  a r e  no lo n g e r v a lid .
A n ex am p le  th a t  i l lu s t r a te s  th e  c a se  w h e re  ( 0 2  -  0 2 *) i-s 
a lw ays p o s itiv e  is
0 2  = F ( 0 j )  = q 0 ! 2  (VI-28)
w hich  is  a  m o re  g e n e ra l  c a se  in th a t m e m b e r 1 does n o t have a 
c i r c u la r  p ro f ile , F ig u re  (V I-3), and  is  a  c o n s ta n t. A gain, le t  
m e m b e r  1 m ove w ith  a c o n s tan t a n g u la r  v e lo c ity
6 j = u  t .
U sing th e  sa m e  a s su m p tio n s  as in  th e  p re v io u s  exam ple , A -> 0, 
e tc . ,  the  e q u a tio n s  (V I-20), (V I-21), and  (V I-22) y ie ld
W / / / 7 / 7 / / / / / / / / / / / /





(0 2 )* = 2  q co2 t  -  p  j  s in  p t (VI-30)
( 0 2  )* -  2  q a) 2 t  -  p 2 j  co s p t . (VI-31)
A ssign ing  sp e c if ic  n u m e r ic a l  v a lu e s  of
p = 80 se c  
k  = 508 lb f 
W = 2 . 2 1  lb f 
q<o2 = 170 r a d / s e c 2 
fo r  th is  ex am p le  y ie ld s  the r e s u l ts  i l lu s t r a te d  in  F ig u re  (V I-4).
A gain  the  m otion  s t a r t s  sh o c k  f r e e ,  th a t  is  (0 2 )* = 0 a t 
t  = 0. Note th a t (02 -  0j *) n e v e r  b e c o m e s  n e g a tiv e , thus th e  band  
re m a in s  ta u t and  m o v em en t of m e m b e r  1 is  t r a n s m i t te d  to m e m b e r  
2  th ro u g h o u t the  e n ti r e  ran g e  of o p e ra tio n .
T he above p ro v id e s  an  o v e rv ie w  of D iz e g lu 's  p r o c e d u r e  
a p p lied  to a  b e lt  d r iv e n  m e c h a n ism . A s w as in d ic a te d , th e  eq u a ­
tio n s  b e co m e  in v a lid  w hen th e  d y nam ic  ou tpu t b e g in s  to  le a d  the  
k in e m a tic  ou tpu t.
B. NO NLIN EA R VIBRATION O F  A MOVING THREAD LINE
T he above a n a ly s is  p ro v id e s  so m e  in s ig h t to  th e  d y n am ics  
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FIGURE V I-4. TWO DISKS, ONE NOT CIRCULAR, OUTPUT
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o b ta in ed  f ro m  A m es, L ee , and  Z a i s e r 's  p ap e r(lO ) e n tit le d  
" N o n - lin e a r  V ib ra tio n  of a  T ra v e lin g  T h re a d lin e " . T h is r e fe re n c e  
p r e s e n ts  an a n a ly s is  fo r  th e  m o tio n  of th re a d lin e  (s tr in g ) u n d e r p la n a r  
p e r io d ic  b o u n d a ry  e x c ita tio n . E q u atio n s of m o tio n  a r e  fo rm u la te d  
and in c lu d e  the  v a r ia b le s  o f d isp la c e m e n t, v e lo c ity , te n s io n , and  
m a s s .  The a n a ly s is  fo r  th is  is  b a se d  on th e  s tr in g
(1 ) hav in g  tw o d im e n s io n a l m o tio n
(2 ) be ing  e la s t ic  and  a lw ays in  te n s io n
(3) b e in g  p e r f e c t ly  f lex ib le
(4 ) b e in g  in d ep en d en t o f th e  e ffe c ts  o f g rav ity , and  a i r  d ra g . 
C o n s id e r  F ig u re  (V I-5), w hich  i l lu s t r a te s  a  c o n tro l vo lum e
fo r  an  e le m e n t of the  m oving  s t r in g .  U sing N ew ton’s se co n d  law
F  = m l  (VI-32)
one o b ta in s  fo r  th e  fo rc e s  in  th e  x -d ir e c t io n
T co s 0 (x + Ax, t) -  T co s 0 (x j .t)  = F x
E xpanding th e  f i r s t  t e r m  abou t x  in a  T a y lo r  s e r ie s  and n eg lec tin g  
seco n d  o r d e r  and  h ig h e r  t e r m s ,  y ie ld s
T c o s  0 (x, t) + ~  co s 0 (x, t) -  T cos 0 (x, t) = F x
d x
A Y
T(x + Ax, t)
c. m,T(x, t)
0 (x + Ax, t)
0 (x, t)
x + Ax





3 T cos 0 (x, t) „  __
 "  ' = F x  * (VI-33)
F o r  the  len g th  of the  e le m e n ts , A f , in  the lim it,
Ai = [* + (%)']*
Now the  v e lo c ity  in  the  x -d ire c tio n  is  g iven  by
VX = V cos 0 (VI-35)
Since
£  -  V* (V I-36,
the  a c c e le ra t io n  a t  th e  e le m e n t in  the  x -d ire c tio n  i s
-  * *  <v i - 3 7 >
o r
dV X 3 V X x 3 V X
dt 3 x  3 t
S u b s titu tio n  of eq u a tio n s (VI-33), (VI-34), and  (VI-37) in to  eq u a­
tio n  (V I-32), w h e re  m  is  the  m a s s  p e r  u n it leng th , th e  follow ing 
is  ob ta in ed
i
8(Tr  ')- - » [ * + ( £ ) ’ ] • <vi-38)
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F o r  the  y -d ire c tio n , the  v e lo c ity  i s  im p a r te d  by bo th  the  
t r a n s v e r s e  v e lo c ity  of v ib ra tio n , (9 u ) / ( 3 t) , and  the  com ponent 
V s in  0, th e re b y  y ie ld ing  the  follow ing fo r  the  y -d ir e c t io n  v e lo c ity
,y 9u .= —— + V s in  0  
3 t (VI-39)
the a c c e le ra t io n  now being
dV _ 9 V^ 9 V
dt ~ 9x 3 t (VI-40)
Thus w ith  equation  (VI-40) d e riv ed , the  y -d ire c tio n  y ie ld s
9 (T s in  0) _ 9m  [~ /d u \ 2
9x  3 t (_ \ 3 x /  _
9 V 
3 t (VI-41)
L a s t, th e  follow ing equations
s in r. ^u  T, j. /  3U\ 28 = [  ( a s )  . (VI-42)
and
cos 0  = 1 + ml
w ill be  u se d  in  the  se q u e l.
S u b stitu tio n  of eq u a tio n s (V I-37), and  (VI-42) in to  equation
(VI-38) y ie ld s
3x 4 * ( € ) ' ] * ! ■  " [ > * © ■ ]




S im ila r ly  fo r  eq u a tio n  (V I-41), th e  follow ing is  ob tained
| 2
( v x )2_9iii 
( } a x 2
+ ? V X 92 u + 
d x d t  a t 2
.x . X
a v “  \ a u )
3xat (VI-44)
The fo u rth  t e r m  on  th e  r ig h t hand  s id e  of equation  (VI-44) is  the
/
sa m e  a s  the  r ig h t hand  p a r t  of equation  (V I-43). S ubstitu ting  f ro m  
eq u a tio n  (VI-43) y ie ld s  the  follow ing equation
1 +
t  , afu. 
3 x 2(it) [ ■
X » 2m  (VA) a2 u3x? + 2V '
1 ^  u 4. Q2}1!
d x d t  3 t 2 J (VI-45)
S ince th e  m a s s  v a r ie s  w ith  t im e  and sp a ce , a  c o n se rv a tio n  
of m a s s  eq u a tio n  m u s t  b e  d e riv e d  to su p p lem en t th e  m om en tum  
eq u a tio n s , (V I-43) and  (V I-45). Once ag a in  u s in g  th e  c o n tro l volum e 
a p p ro a ch , F ig u re  (V I-5), b e tw een  x and x + Ax, th e  m a s s  flow ra te  
in  a t x  is  m V | and  th e  flow ra te  out a t x  + A x is  m V | and the
ra te  of a c c u m u la tio n  of m a s s  b e tw een  x  and x  + Ax is
at m 1 + Ax
T hus
m V 'x +A x - m V ' X + £ [ m [ - ( I # ) - ]
1.,
"21
A x = 0 (VI-46)
If  the  f i r s t  t e r m  is  expanded about x  in  a  T ay lo r  S e r ie s  
expansion  and ag a in  n eg lec tin g  second  o rd e r  and h ig h e r  te r m s  of
x,
m V | x  + Ax = m V ^x + 9 x (mv) Ax (VI-47)
Q uoting equation  (VI-46) w ith  the  expanded equation  (VI-47) y ie ld s
d (mV) 
3x [■*(©’] (VI-48)
By u sin g  equations (VI-35) and (VI-42), equation  (VI-48)
can  be w r i t te n  as
| - ! m V X
O X [■ * (till ■ * (ft)']
_1_ 2
I = 0  . (VI-49)
B e ca u se  the  te n s io n  a lso  v a r ie s  w ith  space  and tim e , the  
a u th o rs  a t th is  po in t d e riv e  w hat they  n am e a co n stitu tiv e  law  to  
fu r th e r  su p p lem en t the  m om en tum  e q u a tio n s . T his re la tio n  is  
s ta te d  to  g e n e ra lly  be of the  fo rm
(VI-50)
F u r th e r ,  fo r  a  l in e a r  e la s t ic  m a te r ia l ,  the  te n s io n  is  g iven  as
T = E  A0[( m /m 0 -  1)] (VI-51)
w h e re  th e  s u b s c r ip t  0 in d ic a te s  th e  value  of a  v a r ia b le  w hen the 
te n s io n  is  z e ro . T hus the  c o n s titu tiv e  r e la tio n  is
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m (T  + E A 0 ) = E A 0 mo (VI-51)
By u sin g  th e  follow ing d im e n s io n le ss  q u a n titie s
m '
x* =
u ' = 
V ' = 
t ' .=
= m /m A
= t / t a
x /L  
u /L
Vx/ Cj
( T a / o i a  L 2 ) 2 t  
= (TA /m A ) 2 (VI-53)
in eq u atio n s (V I-43), (VI-45), (VI-49), and  (V I-52), and dropping 
the  p r im e s ,  one ob tains
V 9 Y +1 X  = J_
3x 3 t m
3 2 u
1 + ( s ) ’ 3x 1 + ( £ ) ’ ]
, s l i  t  2 i u
3 x 2 3 x  3 t St2 m  3 x 2 [‘ + (0)





m (T  + N) = BN (VI-57)
fo r the eq u a tio n s o f m om en tum , c o n se rv a tio n  of m a s s , and the 
c o n s titu tit iv e  re la tio n .
R a th e r  th an  b e la b o r  th e  m a th e m a tic s , only a  b r ie f  su m m ary  
fo llow s th a t in d ic a te s  th e  m eth o d s u se d  fo r  a p p ro x im atin g  the 
e q u atio n s and th e i r  c o m p a riso n  w ith  e x p e r im e n ta l r e s u l ts .
F i r s t ,  th e  L in e a r  T heo ry , b a s e d  on the  a ssu m p tio n  of V,
T, and m  be ing  c o n stan t and  th e  v ib ra tio n  being  of sm a ll  am p litude . 
A s such , eq u atio n  (V I-54), (VI-56), and  (VI-57) a r e  s a t is ife d  and 
equation  (VI-55) b e c o m e s  the l in e a r  th re a d lin e  equation
w  + 2 v £ f - t + ( v 2  » °
and along w ith  v a r io u s  b o u n d ary  cond itions h a s  b een  w idely  ex p lo red .
Second, a  n o n lin e a r  Z a is e r  m odel, in  w hich  the  te n s io n  is  
c o n s id e re d  to  b e  co n stan t, and i t  is  a s s u m e d  th a t
[**© ’]V = v s I 1 + | (VI-59)
w h ere  Vc is  a  c o n s ta n t. The t r a n s v e r s e  d isp la c e m e n t equation  s
b e co m es
1
— -  + 2V 
a t *  s 1 + (iiiFj + (v -c2)[1 + (§S)2]"*i^ =°
(VI-60)
w ith  c 2 = T /M .
T h ird , a  n o n lin e a r  M ote m odel, in  w hich  the  a x ia l v e lo c ity  
is  tak en  a s  a  s u p e rp o s itio n  of a  c o n s ta n t v e lo c ity  V, w ith  the  tim e  
v a r ia tio n  of a x ia l  d isp la c e m e n t vt and  th e  un it s t r a in  g iven  by
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The H a m ilto n ia n  th en  ta k e s  th e  fo rm
It is  s ta te d  th a t  in  f u r th e r  d ev e lo p m en ts  th a t the  d e r iv a tiv e s  of v 
a r e  a s su m e d  to  h e  s m a ll  c o m p a re d  to  u n ity . In th is  ap p lica tio n , a  
m o d ific a tio n  w as m ad e ; i . e . ,  s in c e  i t  w as d e s ir e d  to  re ta in  the  f le x i­
b i l i ty  of ch o o sin g  V e i th e r  to  be  c o n s ta n t o r  to  h av e  c o n s ta n t ta n ­
g e n tia l  v e lo c ity , a  p a r a m e te r  6  w as em bedded  by  se ttin g
T hus a d e s ig n a tio n  of 6  as  z e ro  o r  one a llow s b o th  c a s e s  to  be 
in v e s tig a te d  w ithou t changing the co m p le te  p ro g ra m  (assu m in g  th a t 
a p ro g ra m  is  b e in g  u s e d  to  ob tain  th e  r e s u l ts ) .  A pplying H a m ilto n 's  
p r in c ip le  y ie ld s
1
w h e re
k2 = EA0 /T a
c2  = T A /m A .
L a s t, a n o n lin e a r  h a rd  sp r in g  m odel, in  w hich V is  co n stan t
and
2 2
c = CA 1 + - e r y ie ld s
1 + a2 ud x ‘ 0 (VI-63)
w h ere  v is  a r b i t r a r y .
A lg o rith m s w e re  p re s e n te d  su ch  th a t the  ap p ro x im a te d  equa­
tio n s  su b je c t to  th e  in i t ia l  cond itions
u(xx, 0 ) = ~  (x, 0 ) = 0
and th e  b o u n d a ry  cond itions
A„
u(0 , t) = 0 , u ( l ,  t) = s in  ^
CO ,
(®)w h ere  co/coj is  th e  ra tio  of the  e x c ita tio n  freq u e n cy  to  the re sp o n se  
freq u e n cy  of the  s ta tio n a ry  th re a d lin e .
F ig u re  (V I-6 ) i l lu s t r a te s  the c o m p a riso n  of th e se  m odels 
to  e x p e r im e n ta l  d a ta . The conc lu sio n s p re s e n te d  by  A m es, L ee, 
and F r a iz e r  fo r  th e  p lan e  m otion  a re  th a t the  b o u n d ary  e x c ite d  p lane  
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c h a r a c te r i s t i c  n o n lin e a r  b e h a v io r . F u r th e r ,  th e  th re a d lin e  can  
e x is t  in  a  s ta b le  s ta te  a c r o s s  th e  seco n d  m ode and th e n  ju m p  in to  
th e  th i r d  m ode. T h is  ju m p  re s e m b le s  th a t o f a h a rd  sp rin g  and 
a p p e a rs  to  b e  a c r i t i c a l  sp eed  p h en o m en a .
C. ENERGY FO RM U LA TION
The two p re v io u s  d is c u s s io n s  have  i l lu s t r a te d  so m e  of the  
co n d itio n s th a t  m ay  be  im p o sed  on band  m e c h a n ism s . In tu itiv e ly  
i t  a p p e a rs  th a t  the  f i r s t  d is c u s s io n  w ould  be a p p lica b le  to som e of 
th e  m e c h a n ism s  th a t  have  b e e n  i l lu s t r a te d  in  the  e a r l i e r  c h a p te rs  
o f th is  te x t .  It w ould  be  a p p lica b le  to  o u r s in g le  band  t r a n s m is s io n  
m e c h a n ism  a t le a s t  to  th e  p o in t a t w hich  th e  k in e m a tic  output angle 
e x c e e d s  the  dynam ic  output ang le , i . e . , (0 2 -  0 2  *) b e c o m e s  n e g a tiv e . 
It m ay  a ls o  be a p p lic a b le  to a  v e ry  slow  m oving o s c i l la to ry  sy s te m  
if  th e  m e c h a n ism  w as p e rm it te d  to s t a r t  e ac h  m o v em en t a t the  sam e  
p o in t, i . e . ,  the  b o u n d a ry  co n d itio n s do no t change. If the  b o u n d ary  
co n d itio n s  a r e  m e t, th e  a n a ly s is  w ould p ro b a b ly  su ffice  as b e fo re ; 
to th e  p o in t a t  w hich (0 2 -  0 2 *) b e c o m e s  n e g a tiv e . The S p inom atic  
c o m p e n sa tin g  s c r o l l  m en tio n ed  in  th e  in tro d u c tio n  a p p e a rs  to  be 
a  m e c h a n ism  to  w h ich  th is  a n a ly s is  could  be  ap p lied  to  so m e  e x te n t.
T he se co n d  d is c u s s io n , p la n a r  m o tio n  of a  n o n lin e a r  v ib r a t ­
ing s t r in g , a p p e a rs  in d ic a tiv e  of o u r  e c c e n tr ic  c i r c le  a n a ly s is , 
e s p e c ia l ly  fo r  th e  v e lo c ity  cam . A s im i la r  s itu a tio n  is  a  m e c h a n ism
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su c h  a s  th a t  in d ic a te d  by P e te r s  (7), F ig u re  (VI-7), in  w hich  a  
jockey ing  dev ice  i s  u se d  to  p re v e n t s la c k  in  a chain  ex c ite d  by an 
e c c e n tr ic  c i r c le .  The b o u n d ary  e x c ita tio n  a n a ly s is  p re s e n te d  in the  
seco n d  d is c u s s io n  a p p e a rs  a p p licab le  o r  s im ila r  to  the  ex am p les  
in d ic a te d .
In g e n e ra l , how ever, it w ould no t be  e x p e c te d th a t a  m ec h an ism  
w ould a t a ll  t im e s  m a in ta in  the  b and  in  a  te n s io n  s ta te , i .  e . , the  band 
m ay  b e  s la c k  and a "w hip" cond ition  e x is t .  T h is is  m ean t to  po in t 
out th a t th e  n o n lin e a r  v ib ra tin g  s tr in g  a n a ly s is  w ould be ap p licab le  
as long  a s  the  b an d  is  in  a te n s io n  s ta te .  Once the  band  b eco m es 
s la c k  th e  e q u a tio n s  b ecom e in v a lid  and the  b o u n d a rie s  of the m ech ­
a n is m s  b eco m e  t r a n s ie n t .  T hus, an a n a ly s is  th a t d e sc r ib e d  the  
dynam ic  m e c h a n ism  in  bo th  the  " s la c k "  and " te n s io n "  s ta te s  is  
d e s ir e d .  T h is a p p e a rs  to be  a  v e ry  fo rm id ia b le  ta s k .
A s an  in it ia l  a p p ro a c h  to accoun t fo r the  dynam ics of the 
band  m e c h a n ism  in  b o th  the  " s la c k "  and " ten s io n "  env ironm en t, 
c o n s id e r  F ig u re  (V I-8 ), w h e re  s deno tes the  d isp lac em e n t of a po in t 
on the  k in e m a tic  band , u and v a r e  the t r a n s v e r s e  and h o riz o n ta l 
v e lo c ity  co m p o n en ts , re s p e c tiv e ly , of the dynam ic band, and x  and 
y a r e  the  h o r iz o n ta l  and  v e r t ic a l  d isp la c e m e n t com ponen ts of the 
p o in t on th e  dynam ic  band . The m om en t o f in e r t ia  of m e m b e r  1 
is  d e n o te d  by  I.
M EM BER 2
M EM BER 1
SPRING
JOCKEYING DEVICE
FIG URE V I-7. ECCENTRIC CIRCLES WITH SLACK COM PENSATOR
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M EM BER 2M EM BER 1
FIG URE V I-8 . SCHEMATIC REPESEN TA TIO N  OF DYNAMIC 
MECHANISM
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If KE deno tes th e  k in e tic  en e rg y  of m e m b e r  l f th en  the  KE 
of th e  sy s te m  is  g iv en  by
K E = j  (y 2  + x2) ds + KEi = j  * £  (u2  + v2 ) ds + KEX
s o so
(VI-64)
w h ere  s 0 and  s t r e p r e s e n t  the  po in t of co n tac t of th e  b and  on m e m ­
b e r s  1 and  2, re s p e c tiv e ly , and a re  functions of t. The m a ss  p e r  
u n it len g th  is  deno ted  by  p.
If  we choose  to  fo llow  the  p a r t ic le  by le ttin g  s = s(t), th en  
y = y [s ( t) ,  t] (VI-65)
x = x [ s ( t ) ,  t]
w h e re  x  and  y a r e  an  in e r t ia l  f ra m e . D iffe re n tia tin g  equation  (VI-65) 
y ie ld s
* 3x • , 3x
x  = FT s + aT  = u
y = s = v  (V I-6 6 )3s 3 t












v (s, t) = —   t  —  + £  (s, t) 
and th e  k in e tic  e n e rg y  of the  s y s te m  can  be fo rm e d
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Now c o n s id e r  th e  e la s t ic  s t r a in  e n e rg y  of th e  band, ESE, 
F ig u re  (V I-9). L e t <r denote th e  a rc  len g th  of the  c u rv e , th e n
(r = cr(s) .
Now
A ct = <r(s + A s )  -  <r(s)
and th e  e lo n g a tio n  A i o v e r th e  in te rv a l  is  g iven  by
A i = A -  A s (V I-6 8 )
o r  the  s t r a in
C(s) = l im  A,r' - -  = l im  f 2 - - l  (VI-69)
A ^O  AS As-*0 As
w hich is
e ( ,)  = £  -  1 . (VI-70)
Now dcr can  be  e x p re s s e d  as
dtr = (dx 2  + dy2 ) 2 . (VI-71)
Since
and
dx = ds (VI-72)
3 s
dy = ds (VI-73)
0 8
cr(s + As)
_ J A y
Ax










T hen e can  be e x p re s s e d  as
1
(VI-75)
by u se  of equations (VI-71) and (V I-74).
Now the  e la s t ic  s t r a in  e n e rg y  is  g iven  by
ESE =  ̂ 1 € 2 -fi- ~  ds (V I-'
'  s 0
w h e re  E  m odulus of e la s t ic i ty  of the band  and A is  the  c ro s s  s e c ­
tio n a l a r e a  of the  band.
Since
(VI-78)
Thus w ith  equations (V I-6 8 ) and (V I-78), an  e n e rg y  p r in c ip le  
a n a ly s is  cou ld  p o ss ib ly  p ro v id e  so m e  so lu tio n s , th a t i s  to  say , u sing  
L a g ra n g e 's  E quations w h e re
(VI-77)
th en
KE - ESE L . (VI-79)
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and th e  ESE t e r m  is  a  fo rm  of p o te n tia l e n e rg y . The c la s s ic a l  fo rm  
of L a g ra n g e 's  equation
= 0  (VI-80)
dt 3qn  9<ln
can now be  u se d  w h e re  qn and qn a r e  g e n e ra l iz e d  c o o rd in a te s  and 
tim e  d e r iv a tiv e s , re s p e c tiv e ly .
It m u s t be  no ted  th a t the  in e r t ia  a s s o c ia te d  w ith  m e m b e r  1 
m u s t b e  e x p re s s e d  and th a t th e  l im its  of in te g ra tio n  a re  in  the  
g e n e ra l  c a se  t im e  v a r ia n t .  Thus c a re  m u s t be  tak en  in  a ttem p tin g  
a  so lu tio n .
In th e  p r e s e n t  fo rm , i t  is  n o t in tu itiv e ly  obvious th a t a  g e n e ra l 
so lu tio n  to th e s e  eq u a tio n s  e x is t .  No a tte m p t is  m ade  by  the  au th o r 
to  so lv e  th e s e  eq u a tio n s ; h o w ev er, i f  th e  two m e m b e rs  o f the  
m e c h a n ism  a re  c o n s id e re d  to be  c i r c u la r  d isk s , th en  fro m  F ig u re  
(V I-10), the b o u n d ary  cond ition  of the  le f t  end  is  g iven  by
s 0 = - r 0 (t  - 9 l )  (VI-81)
w h ere  the  s u b s c r ip t  L  deno tes a  lag  cond ition  and  t  is  th e  angle  of 
the  tan g en t to  the  band  a t the  p o in t of co n ta c t b e tw een  the  band  and 
m e m b e r  1 and
9 = 0„ + 0 t . (VI-82)
FIGURE V I-10. REPRESEN TA TIO N  OF L E F T  HAND 
VARIABLE BOUNDARY CONDITION
and by o b se rv a tio n  th en  the  lo w er l im it  of in te g ra tio n  is  g iven  by
and s im ila r ly  f ro m  F ig u re  (VI-11) the  r ig h t u p p e r l im it  is  g iven  by
F o r  a  c i r c u la r  d isk  k in e tic  e n e rg y  of m em b er 1 can  be 
a s su m e d  to be
I
a p p ro x im a tio n s  to  the  equations th a t w ill en co m p ass the  band  in  both  
a  te n s io n  and c o m p re ss io n  s ta te . A t th is  poin t, th e  au th o r again  
p o in ts  out th a t no a ttem p t, o r v e ry  l i t t le ,  w as m ade to  obtain  
a p p ro x im a tio n s  to  the eq u a tio n s . R a th e r , it w as fe lt  th a t th is  is  a 
v e ry  s iz e a b le  ta s k  and th a t w ith  th e  p re v io u s  two d isc u ss io n s  som e 
g roundw ork  h a s  b e en  la id  fo r fu tu re  e ffo r t in th is  a re a .
(VI-83)
K EX i  e 22
By u se  of the  en e rg y  re la tio n s , i t  m ay be  p o s s ib le  to p ro v id e
T = a rc ta n ± L \  dx /
► X
s, = I -  r  \ 
1 dx J
FIG URE V I-11. R EPR ESEN TA TIO N  O F RIGHT HAND VARIABLE
BOUNDARY CONDITION
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C H A P T E R  VII 
CONCLUSIONS AND RECOM M ENDATIONS
The p u rp o se  of th is  s tu d y  w as to  develop  k in e m a tic  sy n th e s is  
eq u a tio n s  fo r  n o n lin e a r  b a n d  m ech an ism 's  and i l lu s t r a te  th e i r  u til i ty  
by  w ork ing  of ex am p le  p ro b le m s . T he stu d y  e n c o m p a sse d  th e  d e r i ­
va tio n  of th e  eq u a tio n s  fo r  k in e m a tic  s y n th e s is ,  th e  a p p lica tio n  of 
th e s e  eq u a tio n s  to  t im e  v a ry in g  c y c l ic a l  s y s te m s  d e s c r ib e d  as 
v e lo c ity  c a m s , a  s t r u c tu r a l  e r r o r  a n a ly s is  b a s e d  on th e  im p e r fe c ­
tio n s  o f the  p ro f i le  due to  m a n u fa c tu rin g , a  v a r ia t io n  of p a r a m e te r  
a n a ly s is  to  d e fin e  th e  " b e s t"  k in e m a tic  m e c h a n ism  to  m in im iz e  th e  
b a n d 's  n o rm a l  a c c e le ra t io n , and  a c u r s o r y  lo o k  a t th e  d ynam ics of 
the  m e c h a n ism .
The d e r iv a tio n  of th e  g e n e r a l  eq u a tio n s  fo r  k in e m a tic  sy n ­
th e s is  of b an d  m e c h a n ism s  w as d e v e lo p ed  and  p r e s e n te d  in  C h a p te r  
II of th is  d o cu m en t. A lthough  th e  e q u a tio n s  m ay  p ro v id e  a so lu tio n  
fo r  a g iv en  fu n c tio n a l re la t io n  ((j>2 («}>i )» T2 ((jjj )), th is  does no t e n su re  
th a t  the  m e c h a n ism  is  w o rk a b le . T h e re  a r e  p h y s ic a l re q u ire m e n ts  
im p o se d  on th e  m e c h a n ism  th a t  m u s t  a ls o  be  s a t is if e d . T h ese  
r e q u ir e m e n ts  w e re  id e n tif ie d  and  c o d if ie d . T hose  th a t cou ld  be  
t r e a te d  a n a ly tic a lly  w e re  d e fin ed  an d  in c o rp o ra te d  a s  a  p a r t  of the
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a n a ly s is .  T h o se  th a t cou ld  no t be  t r e a te d  a n a ly tic a lly  a r e  le f t to  the  
d is c re t io n  o f th e  d e s ig n e r . E x am p les w e re  p re s e n te d  and i l lu s t r a te d  
the  u se  of th e  equations fo r  function  g e n e ra tio n .
In ad d itio n  to  the  g e n e ra l  equations developm en t, sy n th e s is  
eq u atio n s w e re  a ls o  developed  fo r  the  c a s e  o f m e m b e r  2  of the 
m e c h a n ism  be ing  an  e c c e n tr ic  c i r c le .  T h ese  equations p ro v id e  fo r 
a check  on th e  a c c u ra c y  of the  d e riv a tio n  of the  g e n e ra l  equations 
a s w e ll a s  p ro v id in g  a  p ro f i le , d e sc r ib a b le  a n a ly tic a lly , th a t p e r ­
m itte d  a so lu tio n  to  the  sy n th e s is  equations in  c lo se d  fo rm . E xam ple  
p ro b le m s  w e re  p re s e n te d  th roughou t the  docum ent u tiliz in g  the 
e c c e n tr ic  c i r c le  a s  one m e m b e r of the  m ec h an ism .
In C h a p te r  III, the  equations of C h a p te r  II w e re  ex tended  to  
m e c h a n ism s  th a t p e r fo rm e d  c y c lic a l m otion , i. e . , e ac h  m e m b e r  of 
th e  m e c h a n ism  cou ld  ro ta te  th ro u g h  a co m p le te  c y c le . The nam e 
v e lo c ity  c a m  w as a llo tte d  to  th is  type  m e c h a n ism . The sy n th e s is  
eq u a tio n s , a s  w e ll a s th e  p h y s ic a l re q u ire m e n ts , w e re  show n to  be 
a p p lic a b le  to  c y c lic a l m o tion .
In C h a p te r  IV, a p ie c e w ise  l in e a r  p ro f ile  w as u sed  to  
a p p ro x im a te  th e  th e o re t ic a l  p ro f i le . T h is ap p ro x im a tio n  w as 
in ten d ed  to  s im u la te  im p e rfe c tio n s  th a t o c c u r  a s  a  r e s u l t  of m ac h in ­
ing in a c c u r a c ie s .  In itia lly , the  p o in ts  c h o se n  fo r  the  s tra ig h tlin e  
se g m e n t a p p ro x im a tio n  w e re  a s su m e d  to  lie  in c re m e n ta lly  on the  
th e o re t ic a l  p ro f i le  and  th e  d iffe re n c e s  b e tw een  th e  th e o re tic a l
output ang le  and  the  a p p ro x im a te d  output ang le  a s  th e  m ech an ism  
ro ta te d  th ro u g h  i ts  ran g e  of m o tion  w e re  c a lc u la te d . An a lg o rith m  
fo r  th is  e r r o r  a n a ly s is  w as fo rm u la te d  and is  g iven  in  d e ta il  in  the  
te x t of th is  do cu m en t. A second  a n a ly s is  w as u n d e rta k en  in  w hich 
p o in ts  fo r  the  a p p ro x im a te d  p ro f ile  w e re  ob ta in ed  by  a v erag in g  a 
n u m b e r of u n ifo rm ly  g e n e ra te d  ran d o m  s a m p le s . The a v e rag e  value 
w as added  (sign  w as tak en  in to  account) to  th e  th e o re tic a l  va lue and 
a  p ro f i le  w as defined  b a se d  on th e se  ran d o m  p o in ts . U sing the 
a lg o r i th m  in d ic a te d  above, th e  d iffe re n c e  b e tw een  the th e o re tic a l  
and a p p ro x im a te d  output angle  w as th en  c a lc u la te d . P a r a m e tr ic  
a n a ly s is  w as conducted  fo r  v a rio u s  to le ra n c e s . F o r  the  two 
ex am p le s  u se d  in  the  a n a ly s is , the  m ax im u m  p e rc e n t  e r r o r  did no t 
e x ce ed  0. 15 p e rc e n t  as a function  of th e  output an g le . The output 
e r r o r s  a s s o c ia te d  w ith  the  output angle w e re  show n to  be d ire c tly  
r e la te d  to  b an d len g th  e r r o r .  The m ax im u m  b and leng th  e r r o r  w as 
le s s  th an  0. 04 p e rc e n t. It a p p e a rs  th a t fo r  band  m ec h an ism s, the 
m a n u fa c tu rin g  e r r o r s  w ould no t, in  g e n e ra l, be  of enough s ig n if i­
cance  to  d e g ra d e  the  c ap a b ility  of the  band  m ec h an ism , i . e . ,  the  
g e n e ra tio n  of n o n lin e a r  c o n to u rs  and th e i r  u se .
In C h a p te r  V, P a r a m e tr ic  V a ria tio n , the  equations developed  
in  C h a p te r  II w e re  u til iz e d  to  ob ta in  a " b e s t"  m e c h a n ism  b a se d  on 
m in im iz in g  the  n o rm a l a c c e le ra t io n  of th e  band  a t the  tan g en t po in t 
to  p ro f i le s  1 and 2 . The eq u a tio n s d e sc r ib in g  the  com ponen ts of
n o rm a l a c c e le ra t io n  of th e  band  w e re  dev e lo p ed  and  w e re  u se d  a s  a  
p a r t  o f an  o b jec tiv e  fu n c tio n . The o b jec tiv e  fu n c tio n  w as m in im iz e d  
by  u se  o f a  n o n d e riv a tiv e  m in im iz a tio n  ro u tin e ; a t th e  sa m e  tim e  
tak ing  in to  acco u n t p h y s ic a l  c o n s tra in ts  p la c e d  on th e  m e c h a n ism .
If the  c o n s tra in ts  w e re  v io la te d  du rin g  th e  a n a ly s is , th e  o b jec tiv e  
fu n c tio n  w as p e n a liz e d  by  a  v a lu e  d e te rm in e d  by  a  q u a d ra tic  p e n a lty  
fu n c tio n . E x a m p le s  w e re  i l lu s t r a te d  fo r  v a r io u s  fu n c tio n s in  w hich  
the  r a d iu s  and  e c c e n tr ic i ty  of th e  e c c e n tr ic  c i r c le  w e re  u s e d  a s  th e  
v a r ia b le  p a r a m e te r s .  " B e s t"  m e c h a n ism s  w e re  o b ta in ed  u sin g  th e  
a n a ly s is  in  C h a p te r  V and  a r e  i l lu s t r a te d  in  th a t  s e c tio n  of th is  
w o rk . A lthough, m in im iz a tio n  of th e  n o rm a l com ponen t of the  
a c c e le ra t io n  w as u s e d  to  d e s ig n  a  " b e s t"  m e c h a n ism , the  v e lo c ity  
c am  cou ld  ju s t  a s  w e ll have  b e en  d e s ig n e d  to  m in im iz e  th e  jo ck ey  
m otion  (7).
B a se d  on the  above co m m en ts , and  th e  a n a ly s is  h e re in  th a t 
su p p o rts  th e s e  c o m m en ts , i t  can  be  s ta te d  th a t th e  n u m e r ic a l  d e s ig n  
of n o n lin e a r  ban d  m e c h a n ism s  is  qu ite  fe a s ib le . T h e o re tic a lly , th e  
m e c h a n ism s  a r e  v e ry  a c c u ra te  and the  co n cep t can  be ex ten d ed  to 
som e c y c lic a l  m o tio n  fu n c tio n s . O ptim um  th e o re t ic a l  m e c h a n ism s  
can  b e  d e s ig n e d  by  u s in g  o p tim iz a tio n  tec h n iq u e s  su c h  as w e re  d is ­
c u s s e d  and  u s e d  in  C h a p te r  V, fo r  an  a p p ro p r ia te ly  defin ed  o b jec ­
tiv e  fu n c tio n . In  any c a s e , fo r  a  g iv en  o b jec tiv e  fu n c tio n  and  p r o p e r  
a n a ly se s , a  " b e s t"  m e c h a n ism  fo r  a  g iv en  fu n c tio n  c a n  b e  d e s ig n ed .
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The d y n am ics a s s o c ia te d  w ith  h and  m e c h a n ism s  w e re  d is ­
c u sse d  in  C h a p te r  VI. Two r e fe re n c e s  th a t a p p e a r  a p p ro p r ia te  to 
the  dynam ics a s s o c ia te d  w ith  band  m e c h a n ism s  w e re  p re s e n te d  in  
depth; the  sin g le  b and  t r a n s m is s io n  a n a ly s is  and  th e  n o n lin e a r  
v ib ra tin g  s tr in g . The s in g le  b an d  t r a n s m is s io n  a n a ly s is  is  a p p lic ­
ab le  to  the  sin g le  b and  t r a n s m is s io n  m e c h a n ism s  to  the  po in t w here  
th e  k in em a tic  output angle b e co m es  eq u al to  the  dynam ic output 
an g le . B eyond th is  po in t, the  eq u a tio n s a r e  no lo n g e r ap p licab le ,
i .  e . , the  b and  is  no lo n g e r  in  te n s io n . F o r  the  n o n lin e a r  s tr in g , 
it  a p p e a rs  a p p lica b le  to  the  v e lo c ity  c am  m e c h a n ism s  to  the  ex ten t 
a lso , th a t the  band  a lw ays re m a in s  in  te n s io n . It f u r th e r  a p p e a rs  
to  be  a p p ro p r ia te  fo r  the  v e lo c ity  c am  a n a ly s is  if  one h a s  p e rio d ic  
v a ry in g  b o u n d ary  co n d itio n s . T h is n o n lin e a r  v ib ra tin g  s tr in g  
a p p ro a ch  could  p o s s ib le  be ex ten d ed  to  o th e r  ty p es of band  m e c h ­
a n ism . If a p p lica b le , i t  is  only fo r  m e c h a n ism s  w hose bands re m a in  
in  ten s io n , a lthough  the  te n s io n  can  v a ry  a s  a  function  of t im e . The 
la s t  p a r t  of C h a p te r  VI w as an  a tte m p t to  develop  v e ry  g e n e ra l eq u a­
tio n s  th a t d e s c r ib e  th e  d y n am ics of band  m e c h a n ism s . N o n lin ear 
p a r t ia l  d if fe re n tia l  eq u a tio n s w e re  the  r e s u l t  and  they  a r e  fu r th e r  
c o m p lic a te d  by  the  g e n e ra l  tim e  v a ry in g  b o u n d ary  cond itions.
T h is stu d y  h a s  b ro u g h t the  d e s ig n  of b an d  type m ec h an ism s 
to  a sy s te m a tic  le v e l, in c lud ing  the  d e s ig n  of v e lo c ity  c a m s, such
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and  su ch  m e c h a n ism s  can  be d e s ig n e d  by  th e  d ig ita l c o m p u te r  fo r  
o p tim a l co n d itio n s and  p h y s ic a l  fe a s ib il i ty . H ow ever, the  m e c h a n ism  
is  su b je c t to  dynam ic  e r r o r  and  th e  d y n am ics of su ch  a  s y s te m  is  
q u ite  fo rm a b le  and is  a  f ie ld  of f u r th e r  study  in  the  th e o ry  of 
m ac h in e s .
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A PPEN D IX
FLOW  CHARTS AND C O M PU TER PROGRAMS
NOM ENCLATURE
AL P h a se  angle
ANGLE 1 «j>j
ANGLE 2 <|>2
APOS ±1, w ill d esig n  fo r  one p ro f ile  e ach
C O ffset o r  e c c e n tr ic i ty
E P  D is tan ce  to  w hich th e  value of a  v a r ia b le  can  ap p ro ach
the  u p p e r  o r  lo w er l im it  o f th a t v a r ia b le
E PS Sam e a s  E P
F B Z (l)  A ssu m ed  in it ia l  tan g e n t ang le  , B and  1, ra d ia n s
FB Z (2) A ssu m ed  in it ia l  tan g en t angle <j>k , B and  2, ra d ia n s
F1M AX M axim um  ro ta tio n  ang le , ra d ia n s
F I  MIN M in im um  ro ta tio n  ang le  of m e m b e r  1
F1Z  In itia l  v a lu e  of , ra d ia n s
F2M  A bso lu te  va lue  of F1M AX
IANLY C a lls  su b ro u tin e  i f  ^ 0
ICUT C a lls  su b ro u tin e  fo r  c u tte r  c o o rd in a te s  i f  ICUT £ 0
ID V a ria b le  id e n tif ic a tio n
IJO B  P r o g r a m  c o n tro l; =3 Run R andom  N u m b er G e n e ra to r
3̂ 3 O m it R andom  N u m b ers
IPRO B P ro g ra m  c o n tro l; 0= ST O P; ^ 0 READ JOB
ISA P P ro g ra m  c o n tro l; 0 -► R un A n a ly s is  on P e r tu rb e d
P o in ts  
1 -► R ead  N ext Job
IT E R  M ax im um  n u m b e r of i te ra t io n s
ITM X M ax im um  n u m b e r of i te ra t io n s
KON If KON = 0, ra d iu s  of p ro f i le  2 is  no t a  c o n s ta n t and
m u st be  su p p lied  th ro u g h  su b ro u tin e  along w ith  p2 , p 2 1
L L  L o w er l im it  of v a r ia b le
N N u m b er o f v a r ia b le s
N P N u m b er o f p o in ts
N P R F  N u m b er o f p ro f i le s
PN V  P e n a lty  v a lu e  of v a r ia b le
RA N F O n -L in e  ran d o m  n u m b e r g e n e ra to r
RC R ad ius of c u rv a tu re  of p ro f i le  1
RCU T R ad ius of c e n te r
R ED  R eduction  f a c to r  by  w hich  R2 is  re d u c e d  to  p ro c e e d
to n ex t job
RHO R ad ius of c u rv a tu re  of p ro f ile  2; om it if  R2 = c o n stan t
R H O P D e r iv a tiv e  of ra d iu s  of c u rv a tu re  of p ro f i le  2; om it
if  R2 = c o n s ta n t
RNDM In itia l iz a tio n  n u m b e r  fo r  ran d o m  n u m b er g e n e ra to r
R2 R ad iu s of P ro f i le  2 if  c o n s tan t; o th e rw ise  om it
TANG ENT <j>b
T E S T  C o n v e rg en ce  va lue
TH B and th ic k n e s s
UL U pper l im it  of v a r ia b le








V a ria n ce  of ran d o m  n u m b e r in  y -d ire c tio n
M axim um  value th a t p en a lty  function  ap p ro ach es  
w ith in  E P
X X -c o o rd in a te  of p ro f i le  1 c o rre sp o n d in g  to  tangen t
po in t
XZ2 X -c o o rd in a te  of p ro f ile  2 c o rre sp o n d in g  to  tangen t
point
Y Y -c o o rd in a te  of p ro f ile  1 c o rre sp o n d in g  to tangen t
po in t
YZ2 Y -c o o rd in a te  of p ro f ile  2 co rre sp o n d in g  to  tangen t
point







READ F B Z (l) , FB Z (2), F1Z , 
F1MAX, TEST, RCUT, 
IANLY, F2M , NP, IT ER , 
ICUT, KON, R2, R H 0  




= m ax  “ ‘t’l m in ) /N P
A<j>b = tv/N P
KI = 1
k  ̂ 0
J L







T R A N SF E R  TO S U B ­
R O U T IN E F E E  TO  
O B T A IN  T2 , T2 \  Tz"  
T2 -"( 4»2 p <}>2 
<t>2 p2 . P 2
C A L C U L A T E  Z2 , <{>b , ,
5 = frbr.alc ~ 4>b___________
L =IT E R
T
INSD>1 L I= L I-1
CALCULATE
W INSD>1 LI=LI -  1
C A LC U LA TE  
Zz'. Zb*. <t»b'!
K > 0 >r
INSD
ds
LI=LI -  1INSD>1
INSD
INSD>1
C A LC U L A TE




KI=NP+1 KI = KI + 1
ICUT=0




C A LCU LA TE
BAND­
LENGTH









PROGRAM 3ENPLT (INPUT, OUTPUT, TA*>E9,TAPE5=INPUT, TAPE6=OUTPUT)
F ? M IS MAYTM(jM ARC LENGTH ON PROFILE 2 
KON=n; OATIU3 IS NOT A CONSTANT 
0 KON NOT E1UAL ZERO? .RAJTUS = CONSTANT ANO DERIVATIVE OF
0 IS ZERO
COMPLEX Z1PPT
COMPLEX CMPLX, F,EE,Zi ,  Z2,Z?,Z'+ ,Z2P,TZ,T2P,T?DP,T2TP,Z3P,
* T ER M2,TERMU,TE?MPf Z6,Z7,Z8,Z9,ZiP,B,BP,BBP,
* T27PR0
C0MDL“X Ec 2,Er B,EFt3Mc'2,FB!:>F2P,72EF2,Z2EF2I»T2DPI»EFBF3P 
CQMMOM/3LK1/T2 ,T?p ,T2J)P,T?TP,Z2,F1,F2,F2P,F20P,F2TP,FB,RH0,RH0P,
*  D J
C0MM0N/9LK2/R2
DIMENSION NAME( 1 6 ) ,FB7 (2 ) , X( 10 00) ,
* Y( 10 00) ,X2(5 0 0 ) , Y2(500) ,
* DSOF?I(2),B-TA(5G0),GY(500>,HV<500), ANGi(50 0 ) ,  V(500) ,
* W(500),XC(5Q0),YC(500)
E(T)=CM°LX(COS(T),SIN(T) )
FE (T)=CMDLX(COS(T), - SIN( T) )
6 READ(5,lit) I DR03, (NAM- (I)  , T = l ,  16)
TF(IPROB.FQ.O) STOP 
WRITE(6,1S) (NAME(I),1=1,16)
RE AO(5, 1)  F3Z( 1 ) , FBZ( 5 ) ,F17,F1MAX,TEST,RCUT,F2M,RDNM 
°EAD(5, i )  VX,VY
1 FORMAT(Br1 0 .6)
PFAD (5,2)  ITER, NP, IANLY,ICUT,KON,IJOB, ISAP
2 FORMAT(715)











(6 d3 ) I5dc. = d9d.s
(d3)3 = tijd 1 
I j U *T * T+ dJ = Gj £
£T 01 00 CodlI*03 * 1)31 
*] 01 OS (1S31*3V <~dU)o£5> dl
e3-C1V0Sd=ldC 
({ £Z) 1536 * (£Z)S5;'II5) 2N515 = 015363 
c 2 l * ( * T ‘ ' 0 ) - c 3  32Z*c23=£Z 
gQZI*(* T ‘ ' 0)=Iaa2±  
2332Z* C T‘ *0)=123321 
2d-*2Z = 2d32Z
(2d) 3 = 233 32
(QSNl)S33a 1 1 5 0 32
32 01 os
(CSM )633a 1150 +72
32 01 OS
I CSNI) £33 3 1150 £2




ViOfcdlM S2*+72‘£ 2 ‘ 22 ‘T2 > 01 CS
1 = 1
6 3 1 1 ‘T =1 £ OC 
(GSNI)Zfc3=U3 
2 ‘ T = GSt\I 62 00 I 
T^Q+Td=Td 0£ 
L 01 OS 
£T3=Td
Oi 01 CS (G*3N*>i)3l 
TadN‘ T = l>i 62 OC
1 -r a i\ = T d c N 
o N5/ I c = u 3 0 
c N 5 / (2T3_ X5wTd)=T3C
205
MCM
U *-lLit CMCM U.
K LUw CM
O tvdX -IM d
<C UJ
1 aM i










so CM HIM M CM* w |s!1—1 C'
ro cl _J
KI X d+ l-l LU
CP. «M OS cl CV
u U- a _ ro » A *
Ul 1 Cv ro M 0 M 0
w CP U ro * CDa CDM
( li «• Ki CV CMc CMn
<r w Cl UJ _ ro lL CMU. <r
UJ cv «J _J M *— t— CM
n II Ll X d II ri ri i—<r CM n I—1LJ' c? (V CD 1—1
n a a  <t dr: co ro d ro _lM X 0) II n ro IS! 3 tv d
o: O: a n (XKl II l-i II UJu Ll CMro ro cn T-l d CMa













* a a rv a
a rv i ri lD
(O a a rv
a to a ri
CM a a a i—i
a CMs* ri ro
* a ri- a IV
(X * o a i
a • a i a l-H
lL ec H a o ' ri CL <£>
Ul a ri- • *- IV
ri O • O' * a CVJ riM b- CD l-l a a • + h— a
|o ■W. G ro a tH a k
M o ro rv a •- rv rv
1 ID CM IV » • ri m
l-l U. * i- i i CD a H riCP X i- i ro o CD •>- CD
Ix. ro CO ro rv CM+ a • CO
IU CD a + IV i IV a CS ro
ri a 1 IU a + i- i .ri a ri w rv
0" lL UJ * CM a a a u a 1 CD
ro zs • KI Kh a ro CD i a CO d
M b- a tH a ri a ro IV a CL a U. +
(O CM • CMa a M «■ a a ri LLr a
ri 1 U. IU U CMCM O. * a * w* • d- CO
o CD 1 a 1 a b- a ro a ro mri ro X
X COa a • a + i m IV ro IV a a a •d- «-•> vC a
cv ro CD u cn CMCMrv rv + o a * M kD M
ri­ ISJ li. * n. a M ll CD ». a X X + KI w*
ll m ._ a cn » Ul d » T—1 IVcv m • cr UJCMd Li.: ro a » a ri d X • to »• ■Wa H M -J dLl ii Ll «—o cd a a M a X a ri a •» •f C X
II V r ii COX D' ro 0' d i a r- 0 ri • tjJ l-HwU- Ll CLI as cp a a IS) n II n ii a a oc O M fy' d iiLl II lL COd ti ii li cv l-l rl a a a rv <w> w i! II a
=3 X a Ci «■» a a a a Q to to ii ii ii II li a l-Hn
1—m CP on a rvi ro ro K ro X X K- OCa> vD i0 lOr—












































































































































TERM5=(-3DP+( 3 . , 1 . ) *F3DSQ> *EFR 
EFPFB^E-3*F3P
3=(F2a*7?Er ? - ( G . , l . ) * T ? D)  / (EF"*FRd) 
3:=={T:rRV2-"TERMÛ TERM5) /  ( E-B*EFB*F3P*FP°) 
P3P = B3*F-3+(0.  , i . - )*F33.*B*=F3 
Z1P=T2P+(Z2P+( 0. , 1 . )  ^ Z ^ Z Z )  *EF2-BPP 
0SDF3=REALt (Z1P*EF IFB) ) /FRP)
I C(K.GT.Q) GO TQ 10 
DSOFBT(INSD)=!SnFB 




GO TO 11 
33 K= 1
GO TO 11
10 IF(DSOFDI<IMS0)*DS0F3.GT.O.) GO TO 11
WRITE ( (̂ , 12) TNSD,DGD^B, DSDF8I CINSO)
GO TO 35
11 Z1=T?+Z2*EF2-Z3/FBP 
IF(INSD.NE. l )  GO TO 31 
d d JOB. NE. Z)  GO TO 3002 
°NXSUM=Q•







7 1 P R T = Z H - ( R N X - . F ) * V X + ( 0 ( R N Y - . 5 ) *VY
3002 CONTINUE
IF< INSD.NE .1) GO TO 31 
LI=L T + l
WRITE (6,5)  F1,F2,FB*Z1*Z2,0SDF3
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GO TO 37
31 WRITE <6* 32) FR, Zi , Z2, OSOFB 
37 Y(LH-(IN30-1)*NPP1)=REAL(71)
Y(LI+(TNS3-l)*NPPi)=AIMAG(Zl)
ANG1(LI+(INSD-1) *NPP1) =-FB 
X2(LI+ (INSQ-1)*NPDi)=REAL(72)
Y2(LI+(INSD-i)*NPPi)=AIMAG(Z2)
IF<IJOP.NE.3> GO TO 29 
IF( LI . NE. l )  GO TO 593
XDRT(LI+(INSD-1)*NPPD= X(LT +(INSO-l)*NPPl>





IFIICUT.E3.0) GO TO 320
CALL CUTTER(LI,LIT2, X, Y, AMGl, RCUT, V, W, XC,YC, BETA)
320 CONTINUE
IF(IANLY.EQ.O) GO TO 8 







IF(IJOB.NE.T) GO TO 5 
IF(ISAP.E3.1)  GO TO 6 
WRITE(6,829)  VX,VY 
829 F0RMAT(tHi,*PERTUR3E0*,/ / ' , iX,*X MAX PERTURBEO = * , F 1 0 . 6 , / ,  
1 IX,*Y MAX PERTURBED = * , FI0 , 6 , / / / )
WRITE( 6 , 3A7A)
3£,3A FORMAT(1AX,*X* , 16 X, *X PRTR3D*, 1 7X, * Y*, 16X , *YPRTRBO* , / / )
00 832 1=1 , LI 
P32 WRITE(6,831)  X ( I ) , XPRT( I ) , Y( I) , YPRT(I)
207
8*1 FORMATfUP20.6)
DO *77 1 = 1 , LI 




1=-Dr l  
FlK4X=-FlMflX 
GO TO 773 
9 WRITE(6, 9)  INS0,F3P 
IF(IM3D.GT.1) LI-LI-1  
GO TO 35 
13 WRIT-( 5 , 16)
IF(INOD.GT.l) LI=LT-1 
GO TO 3- 
1 FORMAT(FID .6)
3 FOPMAT(15)
9 cOPMAT(1X,»DS0FP IS APPROACHING INFINITY*,/
* IX, *INSD*, I5 , / ,
* 1X,* FB PRIME IS * , £ 1 5 . 6 )
15 cOPMAT ( 3X, *ANGLE 1*,3X,*ANGLE 2*, 3X , *T ANGENT*, i»X,*X1* , 8X , *Y1* ,
1 8X,*X2*,3X»*Y2*,8X»*RC*, / / ) )
5 FORMAT(IX,BF1Q.6)
32 FORMAT(21X,FF10.6)
12 FORMAT (IX, *PSDF9 IS C-*AV'GING SIGN*, / ,
* IX, *INS0 I S * , 1 3 , / ,
* IX, *DSDFB I S * , £ 1 5 . 6 , / ,
* 1X,*OSOFBI IS*, E15.6)
16 r9FMAT(1X,*MAXIMUM ITERATIONS EXCEEDED*)
17 FORMAT(1X,*-BZ1*,F10.6, / , 1X,*FB72*,F10.6, / , IX, *F1Z*, F l l . 6 , / , 1 X,*F
* i MAX*,r 9 . S , / ,
* IX,*T-ST*,F1 0 . 6 , / , IX,*ITER*,1 5 , / , l X , * N P * , 1 7 , / / / )






SUBROUTINE CUTTER<N,N2,Vi, Yl , -  8 1 , ° , X2, Y?, VC, YC,FR2) 
DIMENSION X1(\I?) ,Y1(N2) ,X2(N) ,Y2(N) ,FP1(N2) ,FR?(N)  
INTEGER XC(M),YO(N)
L = N
DT «*0 1 = 1, N 
X2(I)=X1(L+I> 
v?( I ) =Y1 ( l+I)
FR2(I»=F3i<L+I)
DD? = 3. H 1 5 9 2 6 / 2 .  
m = r
WRITE(6,15)
FORMAT (HI,1QX,*PR0FILE 1 * , / / )
DO 1 1 = 1 , N
XC ( I ) = (X1(T)+R*C0S(FR1(I)+PD2)+. 000 5)*1000 .
Y 0 ( I ) =(Y1( T) +R*SIN(C31(T) +PD2)+.  0005)* 1000.
NM1 = N-01 
IXSUM=XC(1)
IYSUM=YC(1>






format ( i x ,  n o ,  i o x , n o ,  i o x ,  n o ,  i ox,  n o )
IF(M.FQ.l)  RETURN 
WRITE(5,5)
FORMAT ( H I  , 10X ,*PROFILE 2 * , / / )
DO 6 1 = 1 , N
XC (I) = (X2(I)+R*COS(FB2(T) + DD2)+. 0005)*1000.
YC (I)  =(Y2(I)+R*SIN(F32(T)+PD2)+. 00 0 5)*1000.
M= 1




15 FORHAT(Hl,*POINTS*f / ' )
J=i
1 I = J
NEW=N°
NPM2=NP-2
ANG1=ATAN?(Y(I+1)-Y(J) ,X(I+i)-X<J))  
k  ANG2=ATAN2(Y(I+2)-Y(J) ,X(T+2)-X{J))
I F ( ANG2.ST.ANGi) GO TO 2 
1 = 1+1












IF( J.GT.NP-2) GO TO 5 
GO TO 1 
5 S( 1 ) =0 .
00 7 1 = 2 , NP
7 S( I )=S(I -1)+SORT( ( X( I J - X ( I - i ) ) * * 2 + C Y ( I ) - Y ( I - l ) >**2)
NPMi=NP-01 
00 8 I=l ,NPMi  
8 F31( I+l ) =ATAN2( Y( I +i >- Y( I ) , X( I+1) - X t l > >
FBI (1) =F 
WRITE,6,300)
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300 frORMflT(15*,*X*,20X,*Y*, i8/ ,*S*,20XtF31t / />
DO 15 1 = 1 , NP 
15 WRITER,!*)  (X (T) , Y (I) , c ( I ) , Fa l (I)  )
li+ F3pMftT (IX, Ac 20 ,6)
PETURN 
cMjpv d t
1 2  I F ( F 3 1 C a L . 5 T , “ 3 1 ( D )  03 TO 10
IF ( FLAG. E3 . 2) GO TO 17 
I F ( F R1 CAL. GE. F 3 1  (N'P) ) GO TO 11 
10 F L A G = 1
PETUPM 
11 K= 2
13 IF(F31(K).LT.F31CAL) 00 TO 9
IF(K• G E• Nc ) GO TO 9 
K= K + l  
GO TO 13 
9 XTBL = X( K - l )















c.jdoq'jtim-  ANALYS ( DF3,n- 1, F1Z,F3Z,R 2, TCST,C 1MAX,
3NDLT,H , C‘.2I ,T0 , DUM1, pU''?,NpTS,nUM3,DUMA) 
niH~NST0N DU HI (MpTS), -DU 12 ( upTS ) , DUM7{ NPTS) , OUMMNPTS)
IMTES"  ̂ FLAG 
COMPLEX Z1Z,ZA,CM°LX, E 
COMPLEX T?
-(T)=CM°LX (COG (T ) ,SIN(T) )
WRITE(6,i)
FORMAT ( Hi ,*ANALY3*, /7 )
WRITE(?.,i33)
c ORMAT(<+X,*FBZ*,7X,*F1Z? , ?X, *S2I * , 7Xt*BNDLGH*, / / )
WRITE (6,  301) FB7,FlZo2I,3N'0L3H 
FQRMATdX, AF10 . 6 , / / )
PWSAN3=r BZ-S2I/R2 
r l =0 .
KOUNT =0 




r lM AX = -FIM A X 
F L fl G = 0
WRITE(6,302)
F3RMAT(1X,*ITEMS BELOW CORRESPOND TO THE FOLLOWING ORDER*,/ / / ,
1 1X, *f i , H 2 ,  TH2FUN, fro3p t A^SERR, E l , ABSER2, E2*, / ,
2 l X, *Xl , Yl , Zl Z, Zi f , A, ALFA*, / ,
3 1X, *3 , S1 , 0F1 , FRZ, oHSANG*,//)
FB1=F3Z-F1
I r (FLAG.ED .2) GO TO 800
FL AG= 0
CONTINUE
CALL pT(r Bl ,Xl ,Yl ,Sl ,FLAG,OUM1, DUM2, NPTS, DUM3,DUMA,OUM)
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FUNCTION T H~T A 2 { F1)
1A153P*
THFTA?=DI* ( ? . * F 1 / P I - 2 . E ( F 1 / DI) * * 2 + ( F l / pI)**3)
P-TUPN
FND
UN j  
NdfUGd 2 
2 b = 0 H d
( 2 d - 8 d ) 3 * 2 d * < • T - t , 0) =cz .  I
2 Ci  CO 
2 d~ =0 Hd 
( 2 - - d d ) 3 * 2 d * ( *T‘ * 0 ) = 2Z 
I 01 OS « 2 * Q 3 * I ) 3 I
c 2 i “ = d i 2 1  
2 1 - =cG 21
( ( l J ) S Q 3 M T 3 ) M S - )  >laW0 = d c x  
( ( T a ) NI3 4 l Td) S02) X~l cK0 = 21
NS-=dl2J  
S 3 - d G 2 3 
* T + NS = d2d 
* c / Iu  + Id+S0~ = 2d 
*2/  (Ta)NIS*Ia = NS 
•2/ (Td)S0G*Id=sa  
( ( l ) N I S 4( 1 ) SOC)>1oWC=(l>3 
CT-IT tf i3Hi )S03)  * * 2 / I a -  =2 \Jl2rii
2d/ 2> l b / N0WHC3
l a  *
‘ dOHd‘ OHd4E d ‘ d l 2 d ‘ d G 2 J ‘ d 2 i ‘ 2 d t T d i 2 Z 4a l c i l ‘ d L 2 i t a 2 i t 2 i / T>l b / NCNWC3
J 3 * 3 * d l 2 l ‘ a 0 £ l ‘ d 2 1 ‘ 2 1 ‘ 2Z ‘ X ' cjnC Xala^iC3
( i ) T 3 d d  a M l f . C c d n S
SUPRO'JTTNE ^ £ - 2 ( 1 )
COMPLEX 3 MPLX, Z? » T2 , T? 3 , T 2 n P , T 2 T P , E , £ F
CQNM0N/PK1/T? ,T2Pt rZOP, T'TD, Z2, F1,  F2, F2° , F2D*, F2TP, F3 , RHO, RHOP, 
* PI
C0MM0N(TL<2/RZ
THETA2-DI M 2 * ( T H E T A 1 / P I ) - ? * ( T H E T A i / P I ) * * 2  + ( T H E T A l / P I ) **3)
F ( T > = C MP L X ( C OS ( T ) , S I N ( T ) )
F 1 F = F 1 / P I  
F 1 P 2 = - I P * - I P  
DT 1 = 1 . / P I
F2=-PI*(F1P+2.*F1P2+3«*F1D?*F1P)
FZP = - (  l . + i f  . * F 1 P  + 3 . * F 1 3 2)
F 2 D P = - ( ^ . * P I H - 6 . * P I 1 * - 1 ° )
F Z T P = - 6 . * P I 1 * P I 1  
T2=CM^LX<SOS<c l ) , S I N ( - 1 ) )
T2 P =3 MP L X ( - S I N ( F l ) , C O S ( F i ) )
TZOP=-T2
T2TP=- T2°
I F ( I • EQ• 2)  GO TC 1 
Z 2 - ( 0 .  , 1 . )  *R2*E(FI3-F2>
£?L(0 = -3  ?
GO TO 2

























0 £ T G T 0 2 GOT
T G G * TOO*
•0 TOGOGO*926STnT#2 -  ’ 0 *u G*
2**(Id/Ttf l . 3HI)  +2 * *  ( I a  /  T \7 i.  . M i  ) -*2 -  ( Id / T\ / !3Hi )  *2 t -*Id-cUi^iHi2
r f c d 'D O d a  1  "1 d N 3  G C t J  \ / i t ? C  i f i d N T
OUT LIFTING pOP GFN°LT ^OG^AM 
C
1Th~TA?=PI*( 2*(THETA1/PI) -2*< TH £T A 1/•■»!) **2+<THETA1/p I)**3)









ANGLE 1 ANGLE 2 TANGENT XI VI X2 Y2 r:
0.000000 - 0 . 0  0 0000 - .252680 -.33<+l<*6 .60 267 L 1.062500 . 2<*2061 - 1 .0 31 86
.252580 . 3569A9 -.<+2<+23<+ 1.062500 - .  2<*2061 .56099
- .1570  8 0 •1L2550 - .360351 -  • 23<+S28 .571299 1.12 0<*92 * 2190<*7 - . 9 1 2 1 9
• Q<*6197 . 2<+7005 <*<*09<*0 . 9759<*8 - .  2<*88<*0 • 518<*5
3i<+159 .260752 - .<+72318 -.l<*6<+7<+ • 532<+3i 1.167289 .185781 - . 8 1 3 1 1
- .156000 .l<+6<+8<+ -  • <*355<t 8 .898802 - .228602 • <*79<*3
-.<*71239 .361675 - .588381 - .  0S9<+03 .<*873<*7 1.203362 . i<*5<*09 -.7290V
- .  35<*096 .058136 -.<*12633 .835950 - .  1886<*7 • <*<*<♦ 07
- .62 83 19 .<*52^89 -•7Q8<+0<+ - .  00 321<* .<*37307 1.229280 .099653 - .65 6 5 6
- .  5<+82 33 - . 0 1 65 69 - .  3765<*9 • 7895<+8 - .  13<*9<*5 • <*12<*8
- .785398 .539961 - .832290 .052300 .383552 1. 2<*50 89 • 0 <*9311 - . 5 9 3 5 0
- .738506 - .077171 -  • 3 3121 <» .760606 - .  0720<*6 • 38<*79
- .  9h?<*78 • S31A6Q -.959978 • 097A08 .327277 1.2<*99<*7 - .005160 - .  538<*2
- .  92<+977 - .12 39 61 - .279975 .750026 - .003590 .36110
222
1. 0 9 9 " c 7 .73395"








2. 51327** 3 . 3 1 76?2
2. 6 7035** 3. 91871+1+
2. 8271+33 *+.508716
2. 981+513 5. 391+507
3. 1*+1593 6.283185
-1 . 0911*3? .1321+56
-1 . 107582 - .  1577?*+
- 1 .  2255 3? .157867
-1 . 28551+1 - . 17 95 16
-1 .365573 .171+121




-1 .801066 - .  18*+2*+8
- 1 .  80*+370 .172991
-1.96501+1 - .16 88 07
-1.95831*+ .157505
- 2 .125256 -.11*6031
-2 .116521 . 13501+0
- 2 .281703 - .11 63 7?
-2 .2 77 98 9 .105799
-2.*+3i+399 - . 08 01 63
-2.1+*+3216 .069903
-2 .533331 - .037671




-2 .961386 - .  076561+
- 3 .  00751+0 .1*1+751





















































• 767*+0 2 
1.219166
.786629  
1 .0 0 0 0 0 0  
1. 00 0000
- . 062962  
.065885  
- . 1 2 2 1 2 0  
. 13*+983 







• 221 *+93 
-  • 175*+*+7 
. 1*+3517 
- . 06 01 09  
.019387  
.088906  







- .12 02 75  
.130281  
- .250000  
.250000










- . 3 3 7 5 2  
.30830  




- . 3 0 7 0 2  
.31+360 
- . 3 0 6 2 5  
.36520  
- . 3 1 0 0 1  
.39197  
- . 3 1 8 2 1  
.t+21+10 




i p : i n t s
y
-  • 33 4146 
- . 2 3 4 6 2 3  
- . 1 4 6 4 7 4  
- . 0 5 9 4 0  3 
- . 0 0 3 2 1 4  
.062300  
. 0 9 7 4 0 8  
. 1 3 2 4 5 6  
. 1 5 7 8 6 7  
.1 7 4 1 2 1  
. 1 3 1 7 2 9  
. 1 8 1 1 9 7  
. 1 7 2 9 9 1  
. 1 5 7 5 0 5  
. 1 3 5 0 4 0  
. 1 0 5 7 9 9  
. 0 5 9 9 0 3  
. 0 2 7 4 3 7  
- . 0 2 1 4 7 3  
- . 0 7  6 5 6 4  
- . 1 3 7 3 0 2
. 5 0 2 6 7 4  
. 5 7 1 2 9 9  
. 5 3 2 4 3 1  
. 4 8 7 3 4 7  
. 4 3 7 3 0 7  
. 3 8 3 5 5 2  
. 3 2 7 2 7 7  
. 2 6 9 6 1 0  
. 2 1 1 5 8 4  
. 1 5 4 1 2 1  
. 0 9 8 0 2 2  
. 0 4 3 9 7 2  
- . 0 0 7 4 4 6  
- . 0 5 5 7 1 2  
- . 1 0 0 3 2 9  
- . 1 4 0 7 5 4  
- . 1 7 6 3 3 7  
- . 2 0 6 2 5 2  
- . 2 2 9 4 3 7  
- . 2 4 4 5 5 8  
- . 2 5 0 0 0 0
-B1
0 .000 0 00  
. 1 0 4 3 4 7  
. 2 0 0 6 8 9  
. 2 8  9978 
. 3 7 2 9 5 4  
. 4 5 0 2 2 9  
. 5 2 2 3 5 0  
. 5 8 9 8 3 3  
. 6 5 3 1 7 9  
. 7 1 2 8 9 7  
i 76950 9 
. 8 2 3 5 6 2  
. 8 7 5 6 3 0  
. 9 2 6 3 2 0  
. 9 7 6 2 7 3  
1 . 0 2 6 1 6 5  
1 . 0 7 6 7 1 0  
1 . 1 2 8 6 5 4  
1 . 1 8 2 7 8 1  
1 . 2 3 9 9 1 0  
1 . 3 0 0 8 9 1
- . 2 5 2 6 8
- . 3 0 5 4 1
- . 4 1 5 2 6
- . 5 2 9 2 9
- . 5 4 7 3 4
- . 7 6 9 3 0
- . 8 9 5 0 9
- 1 . 0 2 4 6 8
- 1 . 1 5 8 0 3
- 1 . 2 9 5 1 3
- 1 . 4 3 6 0 0
- 1 . 5 8 0 6 4
- 1 . 7 2 9 0 5
- 1 . 8 8 1 2 6
- 2 . 0 3 7 2 4
- 2 . 1 9 7 0 2
- 2 . 3 6 0 5 6
- 2 . 5 2 7 8 7
- 2 . 5 9 8 9 3
- 2 . 8 7 3 7 2




- .252680 0.000000 .722228 2.164678
items BELOW CORRESPOND TO THE FOLLOWING
F1,TH2,TH?FUN,ERROR, ABSERR*El,A3SER2, E 2
X1,Y1,Z1Z,Z4 , A,ALFA
B,S1,3F1,FBZ ,PHSANG
0 . 0 0 0 0 0 0 - .000000 0.000000 .000000
- . 33 41 46 . 6n 2678 - .33 41 46 .60 2674
1.4*2450 0.000000 - .252580 - .252680
.157080 .298642 .298844 .000202
- .234528 .571299 - .321110 .527561
1. 400412 .104387 - .360352 - .20 32 72
.314159 .558225 .55 85 2 8 .000403
- .  146474 .532431 - .30 38 36 .451109
1.360187 .200689 - .47 23 18 - . 1 5 8 1 5 9
• 471239 .811106 .311709 .000603
- .06 94 03 .487347 - .28 30 89 .402721
1. 321364 .289973 - .58 83 82 - . 11 71 43
.628319 1.029640 1.03044? . 00 0803
- .  00 3214 .437307 - •25  95 43 .351899
1.283758 .372954 - .708404 - .08 00 86
.785398 1.226184 1.227185 .001000
.052300 .383552 - .234231 .308193












































. 0 9 7 ̂  G fl .777 2 7 7
1.712 0 7 9 • 5?  ̂350
1.099557 I . 552730
. 17?i+56 .269610
1.173093 .58 98 33
1.256537 1. 7 0 7 if if 3
.157367 ,21158it
1.145^+60 .657179
1 . 1 * 1 3 7 1 7 1.839^90
. 1 7 ^ 1 2 1 . 15 ifl 21
1. Il if2if5 .712897
1,570796 1.961527
. 1 8 1 7 2 9 .093022




1. 83if956 2.13 if 191
.172991 007ifif6
1,029676 .375530




. 1350 if 0 - . 1 0  0 329
.930926 .976277
2.35619if 2.50 On7if




. 9377 0if 1.076710
2. 67035it 2.726977
. 027if37 - .206252
1 .if Oif?9? .001196
- .207518 .271173
- . 95 99 79 - .01 75 01
1 .66ifl20 .001391
- .180090 .2if 0it20
- 1 .  091if 37 .008125
1 .7090 26 .00 158if
-•152ifif5 . 21552if
-1 . 2256 37 . 0 7 0 0 Oif
1. 8 if 1 366 .001776
- . 1 2 i f9 8 tr .196087
-1 .365573 • 0 if 8Ht3
1 . 953if 95 .001968
- . 09 80 22 .181729
-1 .508258 . 0625itl
2.077771 .002162
- .07 17 76 .172087
-1.65if5 86 .073190
2 . 1865it8 .002358
- . 0 if63 76 .166825
- 1 .  80if 370 . 03 0085
2.292185 .002558
- . 02 13 66 .165631
-1.95831tf . 08 3221
2 .397035 .002765
.001793 .168221
-2 .116521 .08 259if
2 • 503if 57 .002982
• 0 2if717 . 17 if 339
-2 .277990 . 07820if
2.613305 .003213
. Qif70 95 . 1837if7
- 2 « ifif3217 .07 0057
2.730if 37 . 00 3if60
.069190 .196228
.001196 . 0 0 if ? 0 7


















1 • 0 if6376 - .166825
3. lif 1592
.002558 • 01 8 OOit






.975283 - .  17 if339
3.1i f l592
.003213 . 0?696if
. 95290 if -  • 18 37tf7
3 .1  if 1592
. 003if60 . 030if2tf












- .18tf  87
. 000003 
I . l i t l9 i f6
.00001
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x max p e r u k e ? = . o o i o o n
Y MAX PE R T jt.D .: 3  _ . I jniOOO
X Xd?T99D
- . 3 3 4 1 4 6 - . 3 3 4 1 4 6
- . 2 3 4 6 2 8 - . 2 3 4 6 0 2
- . 1 4 5 4 7 4 - . 1 4 6 4 2 3
- . 0 6 9 4 0 3 - . 0 6 9 4 1 2
- . 0 0 3 2 1 4 -  . 00324Q
. 0 5 2 3 0 0 . 0 5 2 3 0 6
. 0 9 7 4 0 8 . 0 9 7 4 6 7
. 1 3 2 4 5 6 . 1 3 2 4 1 6
. 1 5 7 8 6 7 . 1 5 7 8 7 0
. 1 7 4 1 2 1 . 1 7 4 1 1 6
. 1 3 1 7 2 9 . 181770
. 1 3 1 1 9 7 . 18 1236
. 1 7 2 9 9 1 . 1 7 3 0 6 1
. 1 5 7 6 0 5 . 1 5 7 4 9 4
. 1 3 5 0 4 0 . 1 3 5 0 2 2
. 1 0 5 7 9 9 . 1 0 5 7 8 0
. 0 5 9 9 0 3 . 06990 4
. 0 2 7 4 3 7 . 0 2 7 4 0 8
- . 0 2 1 4 7 3 - . 0 2 1 4 9 2
- . 0 7 6 5 6 4 - . 0 7 6 5 5 1
- . 1 3 7 3 0 2 - . 1 3 7 3 2 2
Y YPRTR3D
•6 0267k  
. 571299  
. 532431  
, k 8 7 3 t * 7  
. 1 * 3 7 3 0 7  
. 3835 52  
. 3272 77  
. 269610  
. 2 1 1 5 8 4  
. 154121  
. 098022  
. 043972  
. 00 744 6  
. 05 571 2  
. 1 00 329  
. 140754  
. 176337  
. 20 625 2  
. 2294 37  
. 244558  
. 250000
.6 0 2 6 7 4
.571280
.5 3 23 9 9
. 48 739 7
.43 7292
.3 8 35 6 9
. 3 27 2 80
.269618
. 2 11 6 45
.1 5 4 1 3 3
.098012
.0 439 22
- . 0 0 7 4 6 7
- . 0 5 5 7 1 1
- . 1 0 0 3 4 0
- . 1 4 0 7 5 8
- . 1 7 6 3 1 3
- . 2 0 6 3 1 0
- . 2 2 9 4 1 7
- . 2 4 4 5 3 0
- . 2 4 9 9 9 9
228
X y
3 341 46 
2 34 6 02  
1 46 4 23  
06 9412  
0 0 32J+0 
0 52306
0 97 457 









0 5 990 ^ 
0 2 740 3 
0 214 92  
076551  
137322
. 6 0  2674 
. 5 7 1 2 8 0  
. 5 3 2 3 9 9  
. 4 8 7 3 9 7  
. 4 3 7 2 9 2  
. 3 8 3 5 6 9  
. 3 2 7 2 8 0  
. 2 6 9 6 1 8  
. 2 1 1 6 4 5  
. 1 5 4 1 3 3  
. 0 9 8 0 1 2  
. 043922  
- . 0 0 7 4 6 7  
- . 0 5 5 7 1 1  
- .  10 0340 
- . 1 4 0 7 5 3  
- . 1 7 6 3 1 3  
- . 2 0 6 3 1 0  
- . 2 2 9 4 1 7  
- . 2 4 4 5 3 0  
- . 2 4 9 9 9 9
S
0 .0 0 0 0 0 0  
. 1 0 4 3 7 8  
. 2 0 0 7 4 7  
. 2 8 9 9 4 4  
. 3 7 2 9 4 5  
. 4 5 0 2 2 0  
. 5 2 2 3 8 7  
. 5 8 9 8 1 3  
. 6 5 3 1 2 8  
. 7 1 2 8 9 1  
. 7 6 9 5 3 2  
. 8 2 3 6 2 4  
. 8 7 5 6 6 0  
. 9 2 6 3 5 2  
. 9 7 6 3 2 0  
1 . 0 2 6 2 0 7  
1 . 0 7 6 7 1 7  
1 . 1 2 3 7 3 3  
1 . 1 8 2 8 1 8  
1 . 2 3 9 9 1 4  
1 . 3 0 0 9 2 9
- 9 1
- . 2 5 2 6 8
- . 3 9 5 5 0
- . 4 1 5 2 9
- . 5 2 8 8 3
- . 6 4 8 0 8
- . 7 6 8 7 2
- . 9 9 4 6 4
- 1 . 0 2 5 8 9
- 1 . 1 5 7 0 8
- 1 . 2 9 5 4 8
- 1 . 4 3 5 2 5
- 1 . 5 8 0 6 6
- 1 . 7 2 8 5 6
- 1 . 8 3 2 9 1
- 2 . 0 3 7 2 6
- 2 . 1 9 7 1 0
- 2 . 3 5 0 6 8
- 2 . 5 2 6 9 3
- 2 . 7 0 0 1 5
- 2 . 8 7 3 7 0
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.9i+2t+78 l.*+0 3115 1 .i+Qt+792 .0 0 1 1 7 7
• 0 9 7 ** 6 7 .32 7 28 3 -.2071+86 .27 1 2 2 3
1 .2 1 2 0 5 8 .5 2 2 3 8 7 - . 9 5  0 0 21 -.0175*+3
1 .0 9 ^ 5 5 7 1.56275*+ 1.561+120 .0 0 1 3 6 6
• 132*+16 .26 9 61 5 - . 1 8 0 1 1 6 . 2*^0388
1 .1 7 8 1 1 7 .5 8 98 1 3 - 1 .  0911+05 .0 0 8 1 5 2
1 .2 5 6 6 3 7 1 .7 0  71+66 1 .7 0 9 0 2 6 .00 1 5 6 1
.1 5 7 8 7 0 • 2 1 16*+5 - . 1 5 2 5 0 2 .21551+5
1 • 11*55 22 .55  3123 - 1 . 2 2 6 6 5 3 .029981*
1.<+13717 1 .3 3 9 6 1 8 1 • 8<+l 3 6c' .00171+8
. 171+116 . 15*+133 -.121+998 .19608*+
i . i i< + 2 5 7 .7 12 8 9 1 - 1 . 3 6 5 5 7 1 .01+811+6
1 .5 7 0 7 9 6 1 .9 61 5 6S 1.963*+95 .0 0 1 9 2 9
.1 8 1 7 7 0 .09 3 01 2 - . 0 9 8 0 1 2 .1.8177 0
1. 08*+5Ii+ .76 9 5 3 2 - 1 . 5 0 8 2 9 3 . 062503
1 .7 2 7 8 7 6 2 .0 7 5 6 7 2 2 .0 7 7 7 7 1 .0 0 2 0 9 8
.1 8 1 2 3 6 . 0 *+ 392? - . 0 7 1 7 3 3 .172131+
1 .0 5 6 2 8 7 .82362*+ -1.651+727 .07311+9
1 .  881+956 2.131+290 2.18551+8 .0 0 2 2 5 9
. 1 7 3 0 6 1 -.007*+67 - .  01+5377 .15 6 89 8
1 .0 2 9 5 8 9 .8 75 6 6 0 -1.801+91+1 . 080011+
2. 0<+70 35 2.25971+5 2 .2 9 2 1 8 5 .00 21+1+0
. 157<+9<+ - . 0 5 5 7 1 1 - . 0 2 1 3 6 2 .1 55 6 2 0
1 . Q0*+556 .9 2 6 3 5 2 -1.95830*+ .0 8 3 2 3 1
2 .1 9 9 1 1 5 2.391+381 2 .3 9 7 0 3 5 .00265*+
.1 3 5 0 2 2 - .  1003*+0 .001313 .1 6 8 2 1 3
.98  09 05 . 975320 - 2 . 1 1 6 5 1 1 .082501+
2.  35619*+ 2 .5 0 0 5 7 9 ?.503*+57 .0 0 2 8 7 8
.1 0 5 7 8 0 -.11+0758 .021+733 .171+329
• 95 85 6*+ 1. 026207 - 2 . 2 7 7 9 7 8 . 0 7 8 2 1 6
2.  51327*+ 2 .6 1 0 6 8 8 2 .6 1 3 8 0 5 .003 1 17
.06990*+ - . 1 7 6 3 1 3 . 01+7081 . 1 3 3 7 2 9
.9 3 7 7 1 6 1 .0 7 6 7 1 7 -2.1+1+3193 . 07 0076
2.67035*+ 2 .7 2 7 0 7 7 2.7301+37 .0 0 3 3 6 0
.027*+08 - .2 0 6 3 1 0 .06921+2 .19 6 26 6
.0 0 1 1 7 7 .001+185 .0 0 0 0 0 1 .0 00 0 0
1.2071+86 - . 2 7 1 2 2 3 1 .2 3 7 5 7 2 - . 2 2 0 9 5
-3.1*+1592
.0 0 1 3 6 6 .005551 . 0 0 0 0 0 2 .0 0 0 0 0
1 .1 8 0 1 1 6 - .  21+0388 1.201+351 -.2009*+
-3.11+1592
.00 1 56 1 .0 0 7 1 1 2 .0 0 0 0 0 2 .0 0 0 3 0
1 .1 5 2 5 0 2 -.21551+5 1.1721+85 -.131+88
-3.11+1592
.00171+8 .008860 .0 0 0 0 0 3 .0 0 0 0 1
1.121+998 -.19608*+ 1.11+1958 - . 1 7 2 5 6
-3.11+1592
.0 0 1 9 2 9 .0 1 0 7 8 9 . 00000*+ .0 0 0 0 1
1 .0 9 8 0 1 2 - . 1 8 1 7 7 0 1 .1 1 2 9 5 5 -.16*+05
- 3 .  11+1592
.0 0 2 0 9 8 .012888 . 00000*+ .0 0 0 0 1
1 .0 7 1 7 3 3 -.172131+ 1.0851+69 - . 1 5 9 2 5
-3.11+159?
.00 2 2 5 9 .01511+7 .0 0 0 0 0 5 . 0 0 0 0 2
1.01+6377 - . 1 5 6 8 9 8 1 .0 5 9 6 0 3 - . 1 5 8 1 6
-3.11+159?
.0021+1+0 .0 1 75 8 7 .0 0 0 0 0 6 •00 0 03
1 .0 2 1 3 6 2 - . 1 6 5 6 2 0 1 .0 3 5 1 9 7 - . 1 5 0 6 8
-3.11+159?
.002651+ .02021+1 .0 0 0 0 0 7 .0 0 0 0 3
.9 9 8 1 8 7 - . 1 6 8 2 1 3 1 .0 1 2 2 6 2 - . 1 6 6 9 5
-3.11+1592
.0 0 2 8 7 8 .02 31 18 .0 0 0 0 0 8 .00001+
.9 7 5 2 6 7 -.171+329 .9 9 0 7 2 5 - . 1 7 6 8 8
-3.11+1592
.0 0 3 1 1 7 .02 6 2 3 5 .0 0 0 0 1 0 .0 0 0 0 5
.9 5 2 9 1 9 - . 1 8 3 7 2 9 .9701+70 -.1901+6
-3.11+159?
.0 0 3 3 6 0 .0 2 9 5 9 5 .0 0 0 0 1 1 .0 0 0 0 5
.9 3 0 7 5 8 - . 1 9 6 2 6 6 .9 5 1 2 2 6 - . 2 0 7 8 2




2 .  981*313 
- . 0 7 6 5 5 1  
.8 80 5 8 6  
3.11+1593 
- . 1 3 7 3 2 2  
.8 6 2 6 7 8
1 .1 2 3 7 3 7  
2 .8 5 2 0  3? 
-.2291+1 7 




3 .1 7 7 3 1 2  
- .  21+9999 
1 .3 0 0 9 2 9
-2.612231+ 
2 .8 5 5 7 0 8  
.091739  
-2.731+392 
2 .9919  71+ 
.1 1 3 3 6 2  
- 2 . 9 5 1 3 5 7  
3.11+1593 
.137 3 22  
-3.11+1591




« Q 0 791+0 
.22951+1+ 
.02 3 1 5 6  
.001+280 
.2'+9999 
. 00 0 0 0 1
3.11+159? 
. 003625 
.9 0 86 6 6  
3.11+1592 
.00391+0 
.8 86 1 3 8  
3.11+159? 
. 001+280 
.86 2 67 8  
3.11+1592
.03 3 22 1
-.71151+7
.037161  
- .  22951+1+
.Qi+li+i+1
-.21+9999
.0 0 0 0 1 3
.9 3 2 9 6 6
. 0 0 0 0 1 6
.9 1 5 3 8 6
.0 0 0 0 1 8
.8 9 8 1 7 2
.0 0 0 0 8
- . 2 2 8 7 3
. 0 0 0 0 9
-.2531+6
. 0 0 0 1 1
- . 2 8 2 0 6
FL O W  CHART FO R  E C C EN TRIC C IR C L E  PROGRAM
©■
E N T E R \  
MAIN )
/ ^ E A D :  IPROB,
P  ?  T W
F1MIN,* F1MAX, 
AL, C, RED,
NP,  N P R FI
IP R O B =0
INITIALIZE 
RZER, A i  =±1 







“► 4m =4m +
C A L L S U B -  
ROUTINE 
F E E  TO OB­
TAIN <j)2 , <})2 
4>2 " ,  4>z 1,1
C A L C U L A T E
Z 7  1 7  *■3 > ^  3 i ^ 3 - ©
q "
C A L C U L A T E
L. = F a l s e





L: = T ru e10
CALCULATE 
. .. ds, \
J  = J  + 1

C A L C U L A T E
j = 2
k.........
( Z ! ) jf (Zz )jf ( Z )j
J [  / j  = N P R I
@
I F 1 I " \  T ,  .
| FM X M D |  J W 4
< 0
M F 1 = 1
M F 1 < 0 9i = 9i
k  < 0
R-2 — R2*RED
RED= 0
(F 2 - C ) < 0







OFFSET CIRCLE FUNCTION G EN ERATION PROGRAM
R2 IS RADIUS OF PROFILE 2
T4 IS RANO THICKNESS
AL IS THE ORIENTATION OF PLANE 2
C IS THE OFFSET FROM THE CENTER OF PLANE 2
F1MIN IS SMALLEST ABSOLUTE VALUF (INPUT IS NOT ABSOLUTE)
F1MAX IS LADGr ST ABSOLUTE VALUE (SAME COMMEMNT AS FOR F1MIN)
RED IS THE AMOUNT R2 IS R'OUCFD IN FACH JOB 
NPRF IS THE NUMBER Q -  PROFILES TO BE GENERATED 
LOGICAL L(2)
DIMENSION THETAK25 0 ) , THETA2(250) , TH2VEL (25 0 ) , TH2ACC ( 250 )
01MENSION A( 2 ) ,  FB( 2 ) , r 3P( 2 ) , F3DP( 2 ) ,DS0FB(2) , OSFI( 2 ) , FBIN( 2 ) , T(2) 
,X11(1Q00) ,Y11(10OQ),Q(2) , QR (2 ) , OOP (2 ) ,
X12(?50) ,Y12( 2 5 0 ) , X 2 l ( 2 5 0 ) , Y21( 2 5 0 ) , X2 2 ( 2 5 0 ) ,Y22(250) ,  
NA ME( l 7 )




REAO( 5 ,1 1 )  IPRCB,(NAME(I) , 1 = 1 ,17)
FORMAT ( 1 2 , 17AM 
IF ( I°ROB, f.Q, 0) STOP
READ(5 ,1 )  R2,TH,F1MIN,FIMAX,AL,C, RED 
FORMAT (7F10.A-)
READ(5,79) NP,NPRF 
c ORMAT( ? I 5 )
WRITE(6,12) (NAME(I), 1= 1 ,17 )
WRITr ( 6 ,7 )  R2,TH,F1MIN,P1MAX,AL,C,NP,RED,NPRF,IPR03 
FOPMAT(1X,*RADIUS»,F23 . 6 , / , IX,*BNDTHK*,F20. 6 , / ,  
1X,*F1MIN*»F21.6, /»1X,*F1MAX*,F21.6, / ,  |
1X,*0C'FANG*,F2Q,6, / ,1X,*OFFSET*,F20,6, / ,
1X,*POINT3*,I20, / ,1X,*REDFAC*,F20.6, / ,
1X, PROFILES*, 118, / ,  IX,* JOB*, T 2 3 , / / )
12 c 0 P M A T (H1»17AA, / )
RZEP^Z
A ( l ) = l .











SOI GO TO (80,  81,  92+ 8 3 , 8A> , IPBOR
80 CALL F2l  
GO TO 85
81 CALL -22 
GO TO 85
82 CALL p23 
GO TO 85
53 CALL F?i+
GO TO 85 
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M a X
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O M CM CM *-•
\ CL CL L . O
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a rr M CL *
c - M a a CM
CM X ro CM • a
Ll l- l M iL a +
* ro i+ X 3 a
Q. IVI l-l ov O a
CM + ro 3 l~ o
Ll CL M vo • rr
* a + a II IVI
cm ro O' vo — >+
O' M a X 3 1—1
x » ro CM vo ro
CM CL M 0 _ l M
O' r x + 1
1 ro <y O' — M
L-l tv: fO a K a
CL + (VI ro O a
rr O' W IV! 1 K
M a o v X * Ll 1 M
X a a. l-l m *
M ro a “5 K tH a
fv*> IVI CM VO rv • CD ro
M » lL CL i IjJ CD M
+ CL x O M -J VO
a f r CL 1 o • >+
d rvi o ro «-v cr CD
ro vo CM ” 5 IVI i— C/5
rv X u. VO x » —) ro
x ov X Q. ov CL U! — o rvi
O' CM O ov ro CO Q- o cr
K~, VO O' o “ 5 rvt rr. < t
IV’ o X vo VO vo <C a ii
vo II CM II o II a o .
• 1 ov CV ___ X o v • C/5 “ ) *0
ov “ 5 1 *0 ov 3 ii cr
~ i CL vo “ 5 vo d -J a
a. 1- Cl vo a 3 w c .
0 o CM CD CD ro vo L a cr














a * VO vo
CM ov CD CD
a a a a ov
i o i i ov
a. CMtH •h a
a a a a a
CM i w vo CM
a Ov a a  a
Hr ”5 »■ » 1OV ov ov
n a • • ”5w- cr o -H v+ VO
cr CO CD 1 1 aV-* ro a ov ov a
* M VO”> 3  CD
CMa * VO vo a
a o a a vo
+ » + CD a X
a o ov a a a
a C/5 OVVO vo aro ro -> * Vo +
tvl M VOov * ov
* CDm “5 ov ov
i—i <r a VO 3
ro w i a vo vo
M V T+ o a a
i a cr ov cn a
1-4 VOii. ov ii i
a v̂ D.; i vo o
fo M * ov VO X 2
rvi a ov a OV d
* |Oj n ll • vo
a tvl VOCM 1 V-+ a
ro- * a a ID o X
M M o 1 z • aW' ro cr. ov < CD CM
i ivi a “5 w> vo a*— + VO VO a + X
”5 a * a » ov ovw n. m ov “5 a
0 . ro -) a a VO CM
C> tvj VO Vo c\ z: u.
CD * Q * a a 1
ll. O' cn CM i UI OVw rr a a ov t— —5
II n l r “5 n vo«—. OV OV a•V X- “5 D ~1 mV-* • w VOCD VO u.
a CMz ; a a X
c VOa CD VO a  »
CD ll! ll.. >r iL f CD
a t - 1 o>̂ 1- +
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C- 2 v o v-l
C/5 o a II




















































































I-( (0SPFR(J)*C3FT(J))  . Gr . .  C-) 30 TO 108
ro  to n o
108 CO NT IMir
1 TO 00 111 J=i,NP*F
Z 1 ( J ) = ( (-3P ( J ) - 1 . >*E(r l ) + C* <F3P(J)-F2P)*F(ANG) + ( 0 . , 1 . ) *R2*
* (FBD( J ) - F 2 ° ) * F ( F 9 ( J ) )  ) / F r,D(J)
72 (J)=C*E< AL> + (0.  , 1 . ) * R 2 * E ( F 3 ( J ) - F 2 U 1 .
I l l  Z S t J ) = Z l ( J ) + ( 0 . , i . ) * T ( J ) * E ( F B ( J ) )
WRITE(6 ,2 )  F l , F 2 , F B ( l )  ,Z l ( i ) ,D S 0 F B ( 1 ) ,Z 2<1 )
IF(NP?F.E0.1) GO TO 301
WRITE( 6 , 3 )  F3( 2 ) , Z i ( 2 ) , DSDF8(2), Z2(2)
301 I c ( ( A3S(Fi)-A3S(FMXMD)) .LT.O.) GO TO 101 
I-(MFl.LE.O) 30 TO 750 




109 WRITE( 6 , 5 ) R2
Wc>ITE(6,L) OSOFBCJ),DSFI<J), J,F1  
3003 R2=R?-RE0
IF(REO.NE.O.) GO TO 5003 
GO TO 112 
5003 I F ( (R2-C).LT. .0* GO TO LOO









7 FORMAT(20X, 6F10 • L)
L FORMAT( IX, *RC = * , E l 0 . 3 , IX, *RI= * , E1 0 . 3 , / , IX,*1= * , I 1 , 1 X , * F 1  
* E10.3)
5 FORVATdX, *PRPOR WITH R2 = * ,F10 .5 )
8 ^Ô HAT (7X, *AN3LF 1*,7*,*ANGLE 2 * , 7X, *TANGr NT*, 7X,*X*,9X,*Y*,
* 8X,*FC*,SX,*XZ?*»8/ ,*Y7?*, / )
9 FORMAT( 1 X,♦RADIUS 2 INITIALIZED. NO CHECK ON FOLLOWING DATA.*)
10 ^ORMAT(lXt * 7  A NO RC UNDEFINED AT Fl= * , FI0 . U , IX, *F81= * ,F10 .U,




K a f i i i c  
NS- = dl<£j 
SG = ci<J c j
* 't+KS = d2d 
* Z/c3 + T-j + l)U~ = cd 
m ' c/IT a lM S t d ^ iS
* C /  (  T  r  )  j O  j  i r . ' - t  J
( T - ( T \ / i ~ l - i ) S G ,J ) > ( ^ / i c ) - - c V i ‘5 n l  
c * O S ‘ ' . i c d 4c C 2 i * d < ; 3 ‘ c j ‘ Tj  NOWvlCO
TZj  ^ N l i h Ga d r . b
SUP POUTIMr F2?
COMMON F I , F 2 , F 2 3 , F 2 0 P , F C T ^ S S Q, P











COMMOM Fl» F 2 , F ? P , - 2 J 3 ,F?T >,SQ,P
THETA? = TH=‘Tfti + it(THFTAl/r')^^?-U(THETfll/p) **3+(THFTAl/P) 
F1 P = F1J /  P 
F lP 2 = F l° * e - in  
F 1 P 3 = F 1 P ? * F 1 °
Dl = i . / P
P?=°1*P1
F2=A.*F1=2+A.*F1P3+F1P3*F1P 
p?P = J» 8*Pi* ( ? . * F i P + 3 . » - i P 2  + PiP3)
Fppp = tf , « ? ♦  (2 .+ B .  * F 1 P + 3 .*P 1°2 )
F?TP = 2 4 . ’- P ? » P l » ( i . + F i :J)
PETUPN
SJCR'vjTlviE r 2!+
r TKM0 N F I ,  F ? , F ? P ,  F 3ua , F P T ^ ^ O ,  P 
C THFTA2=<*THr TAi
r 2 = 0 . 











OATA F j ?  PAV1 oPOG^AM
lTHETA2=-(?I/2)*(COS(THcTAl) -1)
. 2 5  .0 1  0 .  - i . 570726 0 .  0 .  0 .
20  2
OUTPUT FOP. BA MO ° P 9 G R £ V
T RET A2 = - ( P1 /2 ) * ( SOS( THETAl
RADIUS .2 5 0  0 0 0
BNOTHK .0 1 0 0 0 0
F1MIN 0 .0 0 0 0 0 0
FI MAX - 1 . 5 7 0 7 9 6
offang 0 .0 0 0 0 0 0
OFFSET 0 .0 0 0 0 0 0
POINTS 50
PEQF AC 0 .0 0 0 0 0 0
PROFILES 2
JOB 1
ANGLE 1 ANGLE 2 TANGENT
0 .0 0 0 0 . 0 000 .2 5 2 7 •
2 .8 8 8 9 “ •
- . 0  3 1 A - . 0 3 0 6 .2 0 3 5 •
2 .8 7 0 2 * •
- . 0 6 2 8 - . 0 5 9 7 .1 5 45 •
2 .8 5 1 5 — ft
- . 0 9 4 2 - . 0 8 7 3 .1 2 0 4 ft
2 .8 3 2 7 * ft
- . 1 2 5 7 - . 1 1 3 3 .0755 ft
2*8138 •  ft
- . 1 5 7 1 - . 1 3 7 7 . 0325 ft
2 .7 9 4 8 ft
- . 1 8 8 5 - . 1 6 0 7 - . 0 1 1 2 ft
2 .7 7 5 8 * ft
-  .2199 - . 1 8 2 1 - . 0 5 4 8 ft
Y RC XZ2 rz2
0698 - . 0 0 6 0 .93 7 5 .2421
1652 .0 7 9 4 .9 3 7 5 -.2421
0699 - . 0 1 3 5 .9 4 0 6 .2429
1647 .1 2 0 1 . 9 4 0 4 -.2428
0701 - . 0 2 1 0 .9 4 4 4 .2437
1639 .1 5 95 .9 4 2 9 -.2434
0702 - . 0 2 8 5 .9 4 8 4 .2446
1630 .1975 .9 45 0 -.2439
0704 - . 0 3 5 8 .9 5 2 8 .2 4 5 5
1617 .2 33 8 .94 6 8 - . 2 4 4 3
0705 - . 0 4 3 1 .9 5 7 6 .2 4 6 4
1601 .2684 .9 4 8 1 - . 2 4 4 6
0705 - . 0 5 0 2 .9628 .2472
1582 .3 0 0 9 .9 4 9 1 -.2448



















<T> N. O' CM O' r- O' u> CD CM eo 00 3 ro CO r»- CO O' in O oo CD N. on CM 3 ro CO O' O O O' N- kOJ ” CO 3  CP 3 O' 3 O' 3  o 3 O' ro O' m CO CM N- rl kO rl 3 O CM eo O N. n. in ro 3 CD *H in O'3 3 3  3 3 3 3 3 3 in 3 3 3 3 J- 3 3 3  3 3 3 3 3 3 ro 3 ro ro ro ro ro ro ro CM CMW CM CM CM CM CM CM M CM CM CM CM CM CM CM CM CM CM CM CM CM CM CM CM CM CM CM CM CM CM CM CM CM CM CM• • • • • • • • • • • • • • • • • • • c • • • • • • • • • • • • • • •1 1 1 1 1 1 1 1 1 1 1 1 I 1 1 1 t 1
kO rC oc 3 i n o O ' O ' O ' CM 3 o c vO vO -3  CO c o r o  o> CD i £ O ' O' CD O ' r o lO N - O ' r o O ' O ' vO i n r l
O ' 3 O ' o O ' r - OO ro H t o CO 3 kC CM 3 O ' r o  v c CM r o CD O ' CD i n O ' r l a o vO a o r l r ^ kO r - 0-1
3 r>- 3 a o 3 c o 3 O ' 3 CD 3 o 3 H ■3- CM r o r o  r o j T r o i n CM kO CM kO CM N - r l e o r l O ' a o CD
cr* cr* O ' O ' O O ' O ' O ' O  CD o CD o CD O ' CD O ' CD o* o O ' o O ' CD O ' o O ' CD O' o O ' o O ' •H O '

























CM CM CM O' co in O' O' in CD 3 CD co r - in CM kO 3- CM ro CM CD 00 ro a CM CD CO CO rH kO O' 3 ro in
rC 3 O' CD 3 s . n - ro oo CD tO io rl rl -3 fv- 3 CM CM n- rv CM O' kO CD CD 00 ro ro N- N- O' O' CM O'
ro kO in N- 00 r - CD eo CM O' 3 O' vO o N- CD eo T-l O' rl o* CM O' CM a ro O' ro O' ro co ro n- 3 in
ro o ro CD ro CD 3 CD 3 CD 3 CD 3 rl -3 rl 3 rl -3 rl 3 rl 3 rl in rl 3 rl 3 rH 3 rH 3 rH 3
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 o 0 0 0 0 0 0 0 0 0 0
1 1 1 1 1 1 • 1 1 1 1 1 1 1 1 1 1
CD- CM 3 O' in ro ro 10 n- r- r- in 3 rH CO in O' 10 10 3 CD CD CM ro rH 3 oo CM CM N in CD 10 rl 10
10 CD ro cr e O' r- cc ro r>» O' vo in in CD ro m rH CD O' in r^ O' 3 ro rl \D ao CD 3 ro rl 10 N- O'
in N. in in in 10 3 10 3 10 ro V0 ro 1 0 ro <0 CM 10 CM in rl in CD in CD in O' 3 a 3 oo 3 ro •0
rH CD rH CD rH CD rH CD rH CD rH CD rH CD rH CD rl CD rl CD rl CD rl CD rl CD CD CD CD CD CD CD CD CD CD
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
CD O' O ' CO ro CD ro 3 O' o CM O' CM eo CD CD in CM CD i0 3 O' CO 3 CM co *o CM CM 10 O' CO a co
ro CM >0 in CD O' ro CM in 10 CO O' CD rf CM 00 ro CM in <£> vT CD r - in O' O' CD 3 CM oo ro CM in N N.
rl eo CD or CD co O' cr CO O' r^ O ' r - CD vT CD in rl 3 rl ro CM CM CM rl CM rH ro CD ro O' 3 co 3 r*~
10 CM >0 CM iC CM in CM in cm in CM in ro in ro in K in ro in ro in ro in ro in ro in ro 3 ro 3 ro 3
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 1 1 i 1 1 I 1 I i 1 1 1 1 1 1 1 1
k£/- J ro Ct­ O' CM 3 fO CO 3 CD CM CD O' O' in 10 eo rl O' 3 O' u • V0 3 rl r l 3 in in 3 ro in co co
kP cr N. r l N- in eo CO oc r l O' 3 O' «o ao O' CO r l CC ro n- in kO r— in O' 3 CD CM r l CM! m 3 CM kO
in O' ro 3 r l OP O' CM N- N- in r l ro in rl O' O' 3 N- co in CM ro to rl CD cr> in N. O' ro ro in n- N.
N CD s r l r - rl i0 CM <0 m kO ro 10 ro kO IT. in 3 in 3 in in in in in k0 3 >0 3 10 oc n- CO N- co
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0






CD 3 I*" n- m ro CD 3 ro CD ro ro rl N- CD CM
CM CD n- CM kC O' CD CD 00 m rl in oc CD CD CD a .
CD CM ro in iT n- O' CD CD rl CM CM CM ro k > f c CM
CM CM CM CM m m CM r<~ ro fc ro ro- ro ro ro ro ro
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 1 i i I i 1 1 I 1 1 I 1 I i 1 1
ro n- CM kC CD 3 00 CM N rl in a ro n- CM kO CD
rl Cvl 3 in r~ cC O' rl CM 3 in CD CP o* rl CM 3
m cr rl 3 n - CD K- N. CD ro k£> O' CM in O' CM m
Ck' P j ro ro ro 3 3 3 IT in in in if! kO kC n- rs.
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
i I 1 I 1 1 1 1 1 i i i 1 i 1 I I
250
OO o in 91 vO in cm w CM J' N- rl N- in CM CM cr co O CO 10 in eo N. in 10 CO CM Cr it rl in o CMo in it O' CD rr K- if) CO OO cr o «t CM cr CO CO CO 00 co rl ro it CM n. rl cr O rl CO CO id J- J-
CVJ CVJ tH OJ o cm c a Tt cr 9l CO o CO a K cr 10 cr in oo J ’ CO ro N. CM to rl in a in 00 I t c~ CO 10IM CVJ (V! tlJ CM M  CM CM H CM ▼1CM rl CM rl rl rl rl rl rl rl rl rl rl rl rl rl rl rl rl o rl o rl o
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F L O W  C H A R T  F O R  K I N E M A T I C  O P T I M I Z A T I O N  P R O G R A M
/ E N T E R  
M A IN
R E A D :
CI P R O B  = 0
R E A D :  N , I T M X , N P ,  
A P O S , F 1M IN , F I  M A X  
F 1 Z , ID is U L i# L L i ,  
P N V j ,  X Z j ,  i  = 1 , N  
E P ,  E P S ,  W V
L L i jf 0
ID,- = ID
ULj /  0
E P  < 0 E P  = 0 . 01
E P  = (U L i -  L L i )  E P
L L i = L L i +  E P
U L i = U L i -  E P
E P  = E P  * E P
© b i  = i + 1





O F  VAR­












O F  VARI­
A B L E  PA R A -/ 
iME TERS




Z e n t e r  N
\^M N W D 2C J
T R A N S F E R  
T O  SU B ­
R O U T IN E  
E R Q
T R A N S F E R  
TO  S U B ­
R O U T IN E  
R LM N 23
( r e t u r n
e n t e r
R LM N 23
1t
T R A N S F E R  
TO  S U B ­
R O U T IN E  
E R Q
f
IT E R A T IV E  P R O C E SS 
TO O B TA IN  B E S T  
V A LU ES O F  V A R IA B LE 
P A R A M E T E R S  TO 
M IN IM IZ E  COST 
F U N C T IO N
Q  R E T U R N  ^
C E N T E R  \  E R Q  J
IN IT IA L IZ E : 
X P F  = 0 
C O ST = 0
i k = h i d
D > L L . d < U L .
P  = D -  ULiP  = L L ; -  D
C O ST  = CO ST
+ P N V :  • R P
AA = frfr* m ax  " min) 
9 N P
256




OBTAIN <j>2 , <|>2 
♦ a  +a ,M
C A L C U L A T E  or, Z
=s
q ■
P E N A L IZ E  
ER R O R  
FUNC TION
C A LC U LA TE
PE N A L IZ E  
ERRO R 
FUNC TION
C A LC U LA TE 
. .. ds, I
P E N A L IZ E
E R R O R
F U N C T IO N
ds ds
Cl— = s ign
C l  = -
C A L C U L A T E
c c
CO ST = CO ST 
+ P E N A L T Y
c c
E R  = CO ST
=POGPAM HAV (INPUT, OUT 3UT* TAPE5=INPUT,TAPE6=OUTPUT)
EXTERNAL ER0,»LMN?3 
LL
DIMENSION XZ (3) ,X (3) ,WSl (7) ,WS2(3) ,WSM9)
DIMENSION XPLT ( 000) ,  Y3 RT(500)
C0MM0N/9LK2/X2( 5 0 0 ) ,Y2(500) ,LI , NPP1,RC( 500) ,
* TNGNT(50 0 ) , ANG1( 5 0 0 ) , ANG2(50 0 ) * ANG3(50 0 ) , ANGA( 5 0 0 ) , CR(500)*
* THFTAt(250 ) * THETA2 ( 2 5 0 ) , TH2VEL( 2 5 0 ) , TH2ACC( 2 5 0 )
COMMON/WORK/PAR(B)
C0MM0N/0RCTPY/N,IG(3), LL( 3 ) , UL( 3) , PNV( 3 ) ,E°S
EQUIVALENCE (PARC4 ) *NP>, ( PAR( 5 ) , APOS), (PAR( 6 ) , F1Z) , (PAR( 7 ) ,FiMAX) 
i  , (PAR(8),P1MIN)
9998 REAO(5,202) IPROB
I F ( IPROB• EO•0) STOP
REAO(5,707 0) EPS,APOS,F1Z,F1MAX,FiMIN
7070 PORMAT (■ 5F1 0 • 6)
READ(5,939A-) CUTOFF
939A FORMAT( EiO.2)
READ(5,707i) N * NAX, NEF,ITMX, NP
7071 FORMAT(515)
WDITE(5*70)  N 
00 20 0 1 = 1 , N
RE AD(5*100) 10(1)  *XZ(I) ,LL(I) ,UL(T) ,PNV(I) ,EP  
WRITE(6*30) 1 3 ( I ) , I , X Z ( I )
IF(LL(I) .NE.O.  .OR. UL(I) .NE.O.  ) GO TO 201 
IO( I ) =- Tn( I )
GO TO 200
201 WRI TE( 6 * 3 0 ) LL( I ) , UL( I ) * PNV( I ) , EP 
I F ( EP• LE•0 . )  EP = . 0 1  
P P = ( U L ( I ) - L L ( I ) ) * E P  
LL( I ) = L L ( I ) + E p 
U L ( I ) = U L ( I ) - E P
pp=EP*jrp
I F( EP. EQ• 0 . )  EP=1.E-10 
PNV( I ) =PNV(T)/EP
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2 0 0 CONTINUE
IF c N . . 03)  GO TO 300
N P1 = N + 01
W = ITE(6,«f(l) N^l






WRITE(6,S) ( U ( I ) , 1 = 1 , M >
8 FORMAT ( 1H1, *R2*,E15.L,  /  , IX, *OFFSET* , IX, E15. <♦, / / / )
WRITE<6,9)
9 FORMAT(3X,*AN3LE 1*,3X,*ANGLE 2 * , 3X, *TANGENT*, LX, *X1*, 8X, * Y1 * , 8X, 
* *X2*,8X,*Y2*t 8X,*F2P*, 1 2X, *RC*, 19X, *CUP*, / / >
LI=LI-1
OO U IX = 1* LI
ICNT=NPP1+IX
U WRITE( 5 , 3 )  ANG1(IX ) , ANG2 (TX) , TNGNT(IX), XX(I X), Y( IX) , X2(ICNT), Y2(I  
*CNT) ,CR(IX)
7 FO°MAT(IX* 8r 1 0 .5)
202 FORMAT(15)
100 EORMAT( 1 5 , 5X,7E10.2>
80 FORMAT{3 3 H CONSTRAINTS ON THIS VARIA3LE ARE, / , 1  OX,LE15.5)
LO FORMAT(11-IOPARA METERS I3,18H THRU 3 ARE FIXED )
50 c ORMAT(15HOFIXEO PARAMETER I3,10H HAS VALUE E15.6)
70 FOPMAH11H1 INPUT FOR I3,21H DIMENSIONAL PROBLEM. )
3Q FOR MAT ( 10H0PARAMETER I3,12H IS VARIABLF I3,20H WITH STARTING VA
1LUF E15.5)









1 0 0 0
8005
SUPPQ-JTINE EPO (E'3,*)
Rr AL LL 
DIMENSION Xd )
COMMQN/DRCTRY/N, 1 0 ( 3 ) , LL(3) ,UL(3) ,PNV(3) ,FPS  
COMMO'J/WORK/PAP(8 )
COMMON/DLK<t/r l  »F2,F20:3 ,F2Tp , F2D,PI  
COMMON/3LK2/X? (5C0 ) , Y2 ( 5 0 0 ) , LI , NPpl , pC( 500) ,
TNGNT( 5 0 0 ) , ANG1 ( 5 0 0 ) , ANG2( 5 0 0 ) , ANG3C500),ANGM50O),CR(500), 
THETA1(250>i THFTA'M25 0),TH2VEL(250),TH2ACC(?50)
EQUIVALENCE (R2,PAR(1)) , (P,PAR(2) ) , (AL, °AR(7) ) ,
(OAR(A),NP), ( pAP( 5 ) , APOS), (PAR( 6 ) ,F1Z>, (PAR( 7 ) , F1MAX), 
(PAR( 9 ) »F1MIN)





OO 1000 1 = 1 , N 
K  = IA3S ( ID ( I) )
D=X (I)
I c ( IO(I ) .NE. IK)  GO TO 1000 
I F (D. OF•LL( I )) GO TO 1001 
P=LL( T) -O 
GO TO 1002
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ttNG? € LI) =r ?




TH2V^l(LI)= 1 . - F2 P 
TH2AC0(LI)=C2DP 
RH0=-R2 
p02=p I / 2 .
9=Q/F9P











C0MM0N/3L<*»/Fl,F2f F?0’ , F2TO, F?P,PT
THFTfl? = THETfii + ( (THETAi) * * 2 ) * { ( 2*PI-THETA1) * * ? )
C=.01
F2=C*F1*P1* (t».*PI*PI + i».*PI*FH-Fl*Fl ) 
F?P=*t.*C*~l* (2 . *PI*oi  + 3 .*PI*F1+F1*F1) '
F2DP = if .*C* (2**PI*PI + S. *Pl*FH-3.EFl»Fi )








DATA AtfFl,AVF2/ A . 0 , 0 . 2  /
IT NX = T A3S { ITAX )
RYT = IT MX .EQ. ITAX 
FRF = 0.1**NEX 
ETA = 0.1**NE?
E°ST=1.E50 






E°W = SORT( EPS )
ETW = SORT { ETA. )
ALS = SORT( E°W )
DO 6006 J = i , N  
6006 XZ(J) = XZS(J)
CALL FR( ENW.XZ )
1000 ALAV = ALS
1001 DO 100 1 = 1 ,N 
DO 110 J=1,N
110 V ( I , J ) = 0 . 0
J = I
I F ( REV ) J = N-J+01 
V( I , J )  = EPW + APS ( XZ (I)  )
100 CONTINUE
REV = .NOT.REV
200 DO 201 J = 1 , M
201 X(J) = XZ(J)
IT = IT + 01
I F ( RYT) WRITE(6,A321> ITs-NW.XZ
265
IF < IT . 3T, IT M/ ) GOTO 9336 
TF( c i A  .LE. CUTOFF ) GOTO 909*
smal = o.
CO 300 1 = 1 , n 
AL = ALAV
CALL RLMN ( PR,X,V( 1 , 1 ) , AL,p ,ENW,EPW,ftw,N )
TXT = 0 . 5 M  1•0 +ABS( AL ) >
00 20 2 J = l , N  
V(J,I> = TXT*V(J,I>
202 X(J) = P(J>




TXT = X(J) -  XZ(J)
P(J> = TXT
TXT = ABS( TXT ) / (  ABS( X(J> > ♦ EPH )
I F ( TXT .3T.  SMAL ) SMAL = TXT
301 XZ(J) = X(J)
IF(SMAL.LE.EPW) GO TO 9000 
AL=ALAV
CALL RLMN( ER,X,P. , AL , XZ , ENW, EPS, ETA, N )
ALAV = ( AVF1*ALAV + ABS< AL ) )*AVF2
I F ( A3S ( EPST-ENW ) . LE. (  ABS( ENW ) + ETW ) *ETW ) GOTO 9000 
EPST=ENW
I F ( ABS ( SMAL*AL J.LE.EPS ) GOTO 1000 
FIRST=.FALSE.
00 600 J = 1 , N 
00 601 1 = 2 , N
601 V( J , I - 1 )  = V(J,I>
600 V( J , N) = AL*P(J>
GO TO 200 
90OD IF(FIRST.OR.REFYN) GO TOI9001 
ALS = SORT( EPS*EPW )
ALAV = 1.0
266




GO TO 1001 




GO TO 1001 
9006 I F ( RYT ) HRITE( 6 , A321) IT,-NW,XZ
*♦321 FHRMATt * XX MNW02C XX ITERATION CYCLF*»IA,», COST FUNCTION V AL %  




SUBROUTINE RLfW23( COST, X S , AL, X,FM, TOLX,TOLC,N )
QTMFNSTON X Z ( N) , S ( N) , X ( N ) ( 5) *0( 5)
GOTO 1000 
50 CO 51 J = 1 > N
5! X(J) = X 7 ( J ) + S(J)*D<MP1>
IF ( M.F0.M=>1 IGOTO 52 
CALL COST ( F(MP1),X )
52 GOTO I RT, ( 1100 , 1^00 , 3020 , 9020)
1000 IF ( A9S( AL ).LT.TOLX ) AL = TOLX 
H = AL 
F (1) = PM
D ( l)  = 0.
0(2)  = H
M=0
M P 1 =  2
ASSIGN 1100 TO IPT 
GOTO 50
1100 IF( F(2)  »LT . F ( l )  ) GOTO 1200 
H = -H 
GOTO 1300 
1200 H = 2•0 *H 
1300 MP1 = 3
HMX = 1 0 . *H 
0(3)  = H 
1350 ASSIGN l£f00 TO IRT 
GOTO 50 
1LOO M = 3
MP1 - k  
1500 A = 0.
B = 0.
C = 0.
DO 1600 1 = 1 , M 
PI = F( I )
51 = 0 .
52 = 0.
268
00 1030 J = i , M
IF( J.EQ.I ) GOTO 1580
DT = ° T / (  0 ( I ) -  D ( J ) )
31 = SI + DU)
IF( M.E0.3 ) GOTO .158 0
I F { J.FQ.M ) GOTO 1580
L = J+01
DO 1560 <=l,M
IF( K.EQ.I ) GOTO 1560
S? = S2 + Q(J)*0(K>
1550 CONTINUE 
1 c 80 CONTINUE
A = A + *»I
3 = B + S l ' P I
I F( M.FQ.3 ) GOTO 1600 
C = C + S?*PI 
IE 00 CONTINUE
IF ( M. FQ.it ) GOTO 1700
1E50 I c < A.GT.O. ) GOTO 1800
TF( M.EQ.A ) GOTO 9000 
M = 2 
MP1 = 3 
2000 L = 1
DO 2020 J = 2t M 
2020 I F ( F(J) .GT.F(L)  ) L=J
IF( F(MP1).GT.F(L) ) GOTO 9000 
O(L) = O(MPl)
F(L) = c (N=»i>
IF( M.NE.2 ) GOTO 20A0 
0(3)  = D(3) + H 
M = 2.*H  
HMX = 2.*4M*
GOTO 1350 
?0AO IF( M.EQ.A ) GOTO 1500 




1300 O( i Pl )  = 0 .5* 9 / A 
GOTO 3000 
1700 IF( fl .NE.0.  ) GOTO 1750 
A = -R 
3 = -C 
GOTO 1650 
1750 0(5)  = 9*3-A*C
IF( 0(5)  .GE.O. ) GOTO 1760 
0(5)  = 0.
1760 0(5)  = ( 9+SQRT( D(5> ) >/A
3000 IF( (D(MP1)-D(M)-HMX)*HMX .LE. 0 . ) GOTO 3010 
O(MPl) = D( M) + HMX 
HMX = HMX+9MX 
3010 ASSIGN 3020 TO IPT 
GOTO 50
3020 EDSX = TOLX*( ABS ( D ( M=>1) >+TOLX )
FPSC = TOLC*( ABS(F(MP1))+T0LC )
J = 0
00 3030 1 =1 , M
I F( ABS( 0 ( I) - 0 (MP1) ).LE.EPSX ) GOTO 9000
3030 IF( A3S ( F(I) -F(MP1) ) .LE.FP9C ) J=J+1
IF? J.GT.2 ) GOTO 9000 
I c ( M.EQ.V ) GOTO 2000 
GOTO 20A1 
9000 00 9010 1 = 1 , M
9010 I F ( F(T).LT.F(MPl)  ) M?1=I 
I F ( MP1.EQ.M+1 ) GOTO 9020 
m = y,?i
ASSIGN 9020 TO IPT 
GOTO 50 
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0UT°U T r 0R H AV 3 BOGRAM
INPUT -OR 2 DIMENS TONAL P R O B L E M .
0 PARAMCTER 1 IS  VARIABLE 1 WITH STARTING VALUE
CONSTRAINTS ON THIS VARIABLE ARE
.2OOOOE+O0 . 5 0  00 0E + 0 0 . 10000E + U
OPARAMETER 2 I S  VARIABLE 2 WITH STARTING VALUE . 1 0 0 0
CONSTRAINTS ON THIS VARIABLE ARE
• 10 0 00 E-0 3 . AB 00OE + 0G . 10000E + 11
OPARAMETERS 3 THRU 3 ARE FIXED 
OFTXED PARAMETER 3 HAS VALUE 0 .
2 5 0 0  00E + 00
0 .
OOE+OO
XX MNW02C XX 
PARAMETER 
XX MNWD2C XX
p a r a m f t e r
XX MNW02C XX 
PARAMETER 
XX MNWD2C XX 
PARAMETER 
XX MNWD2C XX 
PARAMETER 
XX MNWD2C XX 
PARAMETER 
XX MNWD2C XX 
PARAMETER 
XX MNWD2C XX 
PARAMETER 
XX MNW02C XX 
PARAMETER 
XX MNW02C XX 
PARAMETER 
























CYCLE 1 ,  COST 
•25OOOCE+O0 
CYCLE ? ,  COST
• 237796E+ 0 0 
CYCLE 3 ,  COST
• 237796E+ 00 
CYCLE COST
• 237 A91E+ 0 0
FUNCTION VALUE 
. 10 00 OQE+00 
FUNCTION VALUE
• 21A256E-01  
FUNCTION VALUE
• 3 0 1 2 8 2 E - 0 2  
FUNCTION VALUE
• 36077AE-0  3
CYCLE 5 ,  COST FUNCTION VALUE 
. 226583E+ 00 . 1 1 1 8 2 2 E - 0 3
CYCLE 5 ,  COST FUNCTION VALUE 
. 2 0 7 3 0 8 E+00 . 1 0 0 1 0 5 E - 0 3
CYCLE 7 ,  COST FUNCTION VALUE
• 2 0 0 1 33E + 00 . 1 0 0 1 0 5 E - 0 3
CYCLE 8 ,  COST FUNCTION VALUE 
• 2 0 0 0 3 2 E + 0 0  • 1 0 0 1 0 5 E - 0 3
CYCLE 9 ,  COST FUNCTION VALUE 
• 2 00 0  25E+00 • 1 0 0 0 7 0 E - 0 3
CYCLE 1 0 ,  COST FUNCTION VALUE
• 2000 25E+ 00 • 10Q0 70E-03
CYCLE 1 1 ,  COST FUNCTION VALUE 
• 2Q0007E+00 • 1 0 0 0 6 8 E - 0 3
0.
2815 58E+ 01  
1 31 313 E+ 01  
11A215E+01 
1116A8E+01 





i 873867E+ 00 
, 87 3765E+00
273
XV VN.07G XX ITERATION CYCLE 12 ,  COST FUNCTION VALUE . 8 7 3 7 3 0 E + 0 0
3 AGAMETE? VECTOR . 20 00  D1E+Q0 . 1 0 0 0 5 3 F - 0 3
XX MNWH?C XX ITERATION CYCLE 1 3 ,  COST FUNCTION VALUE . 8 7 3 7 2 9 E + 0 0
DARAMETE3 VECTOp . 2 0 0 0 0 1E+00 • 10 006 2 E - 0 7
XX MNW02C XX I T E p ATION CYCLE 1L,  COST ^UNCTION VALUC . 873728E+ 00
PARAMETER VECTOR . 2 0 0 0 0 1 E* 0 0 • 10 00 61E- 0  3
XX MNW02C XX ITERATION CYCLE 1 5 ,  COST FUNCTION VALUE . 873727E+ 0 0
PARAMETER VECTOR . 2 0 0 0 0 0E+0Q • 1 Q0 060 E- 03
XX MNW02C XX ITERATION CYCLE 1 5 ,  COST FUNCTION VALUE . 8 7  3726E+ 0 0
p a r a me t e r VECTOR . 2 0 0 0 0 OE+QO . 1 0 0 0 5 9 E - 0  3
XX MNW02C XX ITERATION CYCLE 1 7 ,  COST FUNCTION VALUE • 873726E+Q0
PARAMETER VECTOR . 2 0 0 0 0 0E+00 . 1 00 05* fE -03
XX MNWD2C XX i t e r a t i o n CYCLE I 3 , COST FUNCTION VALUE . 8 7 3 7 2 6 E + 0 0
PARAMETER VECTOR . 2 0 0 0 0 0E+O0 • 100 0 52E- 0  3
274
12? • 20 OQE + 9 0
OFFSET . 1 0 0 1 E-03
ANGLE 1 ANGLE 2
0 .0 0 0 0 0 0 0 . 00 00 00
- .  311*159 .0  75165
- .6 2 8 3 1 9 . 12621*2
-.9L21+78 .2 5 33 61
-1 .2 5 6 5 3 7 .3 9 8 9 8 3
- 1 .5 7 0 7 9 6 .51*7926
- 1 . 83A956 .5 8 7 3 1 8
- 2 .1 9 9 1 1 5 .8  0 661+5
-2.513271* . 397722
- 2 .  827t+33 .951*7 05
-3.11+1593 .971*091
-3 .A 5 5 7 5 2 .95A706
- 3 .7 6 9 9 1 1 .8 9 772 2
-i+. 08U070 .80  66«*5
-1*.398230 .5 3 7 7 1 8
- A . 712389 . 51*7926
- 5 . 0  2651*8 .3989 88
- 5 .  31*0707 .2 5  3361
-5.651*867 .12621*7
- 5 .9 6 9 0 2 6 .0 3 5 1 6 5
- 5 .2 8 3 1 8 5 - .0 0 0 0 0 0
TANGENT XI
0 .0 0 0 0 0 0 .1361+78
- .3 5 5 5 9 7 .17931*2
-.69931*1* .2 2 6 8 0 1
-1 .0 3 1 1 9 1 .2 6 6 0 9 3
- 1 .3 5 2 0 8 0 .239711*
- 1 .6 6 3 9 8 7 .2 9 37 51
-1.9681*17 .2 7 7 9 5 7
- 2 .2 6 5 8 8 ? .21*1*787
- 2 .5 6 0 9 1 0 .1 9 8 3 7 6
- 2 .8 5 1 9 8 5 .11*3667
-3.11*1593 .08571*3
2 .8 5 1 9 8 1 .0 2 9 3 9 1
2.560891* -.02111*6
2 .2 6 6 8 5 1 - .0 6 2 2 6 0
1 .9 6 8 3 5 7 - .0 9 0 9 3 8
1 .6 6 3 9 0 3 -.101*600
1.351991* -.10081*1*
1 .0 3 1 1 1 7 - .0 7 7 1 8 3
,6 9 9 7 9 9 - .0 3 0 9 6 8




. 2 0 0 0 0 0  
.19171+5 
.161+007 
.1 1 7 5 7 3  
.0 5 8 0 0 2  
.0 0 7 0 8 9  
.0 7 0 0 8 5  
• 12A588 
.1 6 5 9 6 2  
• 1911*3? 
.1 9 9 9 1 7  
.1 9 1 7 3 9  
.1 6 8 2 8 3  
.1 3 1 6 9 1  
.08A598 
.0 2 9 9 7 2  
.0 2 8 8 6 8  
.08791*9 
.11+191*1 
.1 8 3 0 7 6  
. 2 0 0 0 0 0
X2
1 . 0 0 0 1 0 0  
1 • 0761*63 
1.11*715 7 
1 .1 9 1 9 6 2  
1 .1 9 6 8 5 9  
1 .1 6 0 3 8 6  
1.0931*93 
1 .0 1 3 7 0 2  
.93771*9 
.8 7 6 6 7 3  
.831*662 
.810661* 
.8 0 0 9 5 3  
.8013 22  
.8081*37 
.8201*31 
.8 3 7 0 6 8  
.859761* 
.8 9 1 5 7 5  
.9 3 6 9 1 8  
1 . 0 0 0 1 0 0
Y2
. 2 0 0 0 0 0  
.181*81*8 
.1 3 5 5 5 2  
.0561*70 
- . 0 3 5 8 5 9  
- . 1 1 9 6 1 8  
- .1 7 6 8 5 5  
- .1 9 9 5 3 7  
- .1 9 0 0 3 3  
- .1 5 7 3 7 1  
- .  112381* 
- .  061*11*2 
- .  0181*1*9 
.0 2 2 0 7 3  
.05711*1* 
.0  87859 
.11581*7 
.11*21*98 
.1 6 7 9 9 5  
.1 8 9 7 5 8  
. 2 0 0 0 0 0
CUR
-9 .701*51  
-6.91*121* 
- 5 . 7 5 6 7 6  
-5 .15971*  
- i * . 81*831* 
- i * . 59931  
- i * . 65327  
- i * . 67798  
- i * . 7531*2 
-1*.351*63 
-1* .99803  
- 5 . 1 3 9 0 9  
- 5 . 2 7 0 1 8  
- 5 . 3 6 8 5 6  
-5.1*051*9 
-5.31*81*7 
- 5 . 1 6 8 8 5  
-1*.851*18 
- i * . 1*1886 
- 3 . 9 0 3 9 5  
- 3 . 3 6 3 5 0
276
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